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ABSTRACT. In this paper, we describe how to reformulate a prob-
lem that has second-order cone and/or semidefiniteness constraints
in order to solve it using a general-purpose interior-point algorithm
for nonlinear programming. The resulting problems are smooth
and convex, and numerical results from the DIMACS Implemen-
tation Challenge problems and SDPLib are provided.

1. INTRODUCTION

In this paper, we report on our formulation of and solution to the
semidefinite and related problems that appear in the Seventh DIMACS
Implementation Challenge. These problems contain any combination
of linear, second-order cone and semidefinite constraints.

As our solution algorithm, we use LOQO, an interior-point solver for
general nonlinear programming (NLP) problems. For the purposes of
this paper, we will consider NLPs of the form

(1) minimize  f(z)
subject to  h;(z) > 0, i=1,...,m

where z € R" is the decision variable and the functions f and h; are
twice continuously differentiable. If f is convex and h;’s are concave,
then the resulting NLP is said to be conver. The algorithm can ac-
commodate equality constraints and variable bounds as well, and it is
described in great detail in [21], [22] and [17]. In the next chapter, we
provide a description for the form given by (1).

For the Seventh DIMACS Implementation Challenge, we use LOQO
to solve problems with any combination of linear, second-order cone,
and semidefinite constraints. The standard form of these problems,
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which we will collectively call LSS, is:

@) minimize bz
subject to ¢— Axr € K

where z € R", is the decision variable, b € R", ¢ € R™, and A € R™*"
are the data. K is the Cartesian product of the set of nonnegative half
lines, quadratic cones K,i = 1,..., k,, and positive semidefinite cones
K i=1,..., Ks.

The quadratic cones are defined as follows:

K = {(ui,t;) € R - lug|| <t}

where t; € R and u; € RP and the norm used is the Euclidean norm.
They are also called second-order, or Lorentz, cones.
The positive semidefinite cones are defined as:

K} :={Z, e R"™": Z; = 0},

where the notation Z; > 0 means that Z; is symmetric and for every
EER, 726> 0.

We cannot use LOQO to solve LSS problems in the form presented so
far, because they do not fit the NLP paradigm. The second-order cone
constraint is nonsmooth when u = 0, and the semidefinite constraint is
not even in inequality form. However, our goal is not to tailor LOQO’s
algorithm to the specific type of problems presented in the Challenge,
but to reformulate the problems to fit the paradigm of the general NLP.

We present here two smoothing techniques for the second-order cone
constraints and a reformulation technique to express the semidefinite-
ness constraints as smooth, concave inequalities. In the next section,
we present the interior-point algorithm to solve problems of the form
(1). In Section 3 and 4, we will describe the nonsmoothness of the
Euclidean norm and its consequences for the LOQO algorithm, and we
will present several remedies for it. In Section 5, we will present sev-
eral ways to characterize a semidefiniteness constraint as a collection
of nonlinear inequalities, and present more details on the LDL” factor-
ization based reformulation that we will be implementing for use with
LOQO. In Section 6, we will present details on the implementation of
these reformulations and results from numerical experience with the
DIMACS Challenge test suite.

It is important to note that the reformulation presented in this paper
reaches far beyond than just allowing LOQO to solve these problems.
In fact, through the implementation of an AMPL interface for the re-
formulation, a variety of general-purpose nonlinear solvers can, for the
first time, work with problems of the form (2).
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2. INTERIOR-POINT ALGORITHM FOR NONLINEAR PROGRAMMING.

In this section, we will outline a primal-dual interior-point algorithm
to solve the optimization problem given by (1). A more detailed version
of this algorithm, which handles equality constraints and free variables
as well, is implemented in LOQO. More information on those features
can be found in [20].

First, slack variables, w;, are added to each of the constraints to
convert them to equalities.

minimize fx)
subject to  h(z) —w = 0
w > 0,

where w € R™. Then, the nonnegativity constraints on the slack vari-
ables are eliminated by placing them in a barrier objective function,
giving the Fiacco and McCormick [6] logarithmic barrier problem:

minimize  f(z) — p Z log w;
i=1
subject to h(z) —w = 0.

The scalar p is called the barrier parameter. Now that we have an
optimization problem with no inequalities, we form the Lagrangian

Lu(z,w,y) = f(z) — Z log w; — y" (h(z) — w),

where y € R are called the Lagrange multipliers or the dual variables.
In order to achieve a minimum of the Lagrangian function, we will
need the first-order optimality conditions:

oL T
V() — A)Ty = 0
oL =—uWle+y=0
ow
oL
o h(z) —w =0,
where
A(x) = Vh(x)

is the Jacobian of the constraint functions h(x), W is the diagonal
matrix with elements w;, and e is the vector of all ones of appropriate
dimension.
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Before we begin to solve this system of equations, we multiply the
second set of equations by W to give

—pe+WYe=0,

where Y is the diagonal matrix with elements y;. Note that this equa-
tion implies that y is nonnegative, and this is consistent with the fact
that it is the vector of Lagrange multipliers associated with a set of
constraints that were initially inequalities.

We now have the standard primal-dual system

Vi) —Al)'y = 0
(3) —pe+WYe = 0
h(z) —w = 0.
In order to solve this system, we use Newton’s Method. Doing so
gives the following system to solve:

H(xz,y) 0 —Ax)"| [Ax ~Vf(z)+ A(x)Ty
0 Y W Aw| = pe —WYe ,
Alx) —I 0 Ay —h(z) +w

where, the Hessian, H, is given by
H(z,y) = V*f(x) = > 5:V*h(x),
i=1

We symmetrize this system by multiplying the first equation by -1 and
the second equation by —W !

—H(z,y) 0 A" [Az Vf(z)— A()Ty =0
0 —W_IY —I Aw| = —MW_le +y:i=—
A(x) —1I 0 Ay —h(x)+w:=p

Here, o, 7, and p depend on z, y, and w, even though we do not
show this dependence explicitly in our notation. Note that p measures
primal infeasibility, and using an analogy with linear programming, we
refer to o as the dual infeasibility.

It is easy to eliminate Aw from this system without producing any
additional fill-in in the off-diagonal entries. Thus, Aw is given by

Aw =WY Hy - Ay).

After the elimination, the resulting set of equations is the reduced
KKT system:

(4) _Zﬁﬁ’)y) éfgi] {ﬁﬂ — L)—i‘ VI(;Y‘W} |
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This system is solved by using LDL” factorization, which is a modified
version of Cholesky factorization, and then performing a backsolve to
obtain the step directions.

Denoting H (z,y) and A(x) by H and A, respectively, LOQO generally
solves a modification of the reduced KKT system in which AI is added
to H to ensure that H + ATW 'Y A+ \I is positive definite (see [17]).
With this change, we get that

(5) Ar = (N+X)HATWYp+79) —o0),
Ay = WYp+~y—-W YAz,
where
N=H+A"W'YA
is called the dual normal matriz.
We remark also that explicit formulae can be given for the step

directions Aw and Ay. Since we shall need the explicit formula for Aw
in the Section 5, we record it here:

Aw = —AN'Vf(zx)
—(I—AN*A”V*Y)p
+uANTTATW e,
where .
N =N+

denotes the perturbed dual normal matrix.

The algorithm starts at an initial solution (z(®,w©®,y®) and pro-
ceeds iteratively toward the solution through a sequence of points which
are determined by the search directions obtained from the reduced
KKT system as follows:

where 0 < a < 1 is the steplength. The steplength is chosen using a
hybrid of the filter method and the traditional merit function approach
which ensures that an improvement toward optimality and/or feasibil-
ity is achieved at each iteration. The details of the steplength control
mechanism are provided in [12].

3. SECOND-ORDER CONE CONSTRAINTS

The form of an LSS with only linear and second-order cone con-
straints does indeed fit the NLP paradigm given by (1). Moreover, it



6 HANDE Y. BENSON AND ROBERT J. VANDERBEI

is a convex programming problem, so a general purpose NLP solver
such as LOQO should find a global optimum for these problems quite
efficiently. However, since we are using an interior-point algorithm, we
require that the constraints be twice continuously differentiable and
the Euclidean norm fails that criterion. In fact, the second-order cone
constraints are nonsmooth when u = 0.

The nonsmoothness can cause problems if

(1) an intermediate solution is at a place of nondifferentiability
(2) an optimal solution is at a place of nondifferentiability.

The first problem is easily handled for the case of interior-point algo-
rithms by simply randomizing the initial solution. Doing so means that
the probability of encountering a problematic intermediate solution is
zero. However, if the nondifferentiability is at an optimal solution, it is
harder to avoid. In fact, it will be shown in the numerical results sec-
tion that the second case occurs often, and the algorithm fails on these
problems. We will now examine the nature of this nondifferentiability
and propose ways to avoid it.

We start by proposing a small sample problem, which is a nonsmooth
SOCP. We will then look at several solution methods.

3.1. IMlustrative example. Here’s our example illustrating the diffi-
culty of nondifferentiability at optimality:

(6) minimize  axy + To
subject to  |z1| < xo.

The parameter a is a given real number satisfying —1 < a < 1. The
optimal solution is easily seen to be (0,0). Part of the stopping rule
for any primal-dual interior-point algorithm is the attainment of dual
feasibility; that is, o = V f(z) + AT(z)y = 0. For the problem under
consideration, the condition for dual feasibility is

(7) H}Jrlsgri(fl)}y_o.

We have written sgn(z; ) for the derivative of |z, but the case of z; = 0
still needs to be considered. Here, any value between —1 and 1 is a
valid subgradient. A specific choice must be selected a priori, since
solvers do not work with set-valued functions. Suppose that we pick 0
as a specific subgradient of the absolute value function at the origin.
That is, we adopt the common convention that sgn(0) = 0.

From the second equation in (7), we see that y = 1. Therefore, the
first equation reduces to sgn(x;) = a. At optimality, z; = 0 and so in
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order to get dual feasibility we must have that
sgn(0) = a.

If solvers worked with set-valued functions, then sgn(0) would be the
interval [—1,1] and this condition would be a € [—1,1]. However,
solvers work only with single valued functions and the particular value
we picked for sgn(0), namely 0, might not be equal to a, in which case
an interior-point method cannot produce a dual feasible solution.
Note that there are two important properties at work in this example:

(1) the constraint function failed to be differentiable at the optimal
point, and

(2) that constraint’s inequality was tight at optimality, thereby
forcing the corresponding dual variable to be nonzero.

4. ALTERNATE FORMULATIONS OF SECOND-ORDER CONE
CONSTRAINTS.

The type of behavior seen in the example given above is sometimes
visible in the different types of problems from the DIMACS Challenge
test suite. There are two ways we propose to avoid the problem:

(1) reformulate the cone constraint to have a smooth concave func-
tion;

(2) when available, use a formulation of the problem that does not
involve a nondifferentiable term.

The latter way to avoid nondifferentiability is problem specific and
cannot be generalized for the purposes of this paper, but it is discussed
in great detail in [23]. Quite often, a differentiable linear or nonlinear
version of the problem is the original formulation, and perhaps not
surprisingly, can be solved more efficiently and accurately than the
version with second-order cone constraints.

In this section, we consider a few alternatives for expressing LSS
problems with second-order cone constraints as smooth and convex
problems. The first two alternatives are perturbation techniques, where
the resulting second-order cone constraints are smooth, but they may
not be quite equivalent to the original constraints. The other three are
reformulation techniques, where the new problem is indeed equivalent
to the original.

4.1. Smoothing by Perturbation. One way to avoid the nondiffer-
entiability problem is simply to have a positive constant in the Eu-
clidean norm. That is, we replace the original constraint with

Vet ul? <t
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where € is a small constant usually chosen to be around 107%. The
perturbation yields a second-order cone constraint, and, therefore, the
resulting problem is convex. With the perturbation, it is also smooth.

Even though € may be small enough so that the perturbation is ab-
sorbed into the numerical accuracy level of the algorithm, this reformu-
lation is nonetheless not exactly equivalent to the original constraint.
Because of this reason, we would like to keep the perturbation as small
as possible. This may, however, require trying out different values of €
until we find the smallest one for which the algorithm can find an op-
timal solution to the problem. Especially for a large problem, though,
it may be rather time consuming to solve the same problem several
times. Therefore, the perturbation can instead be a variable, that is,
we can replace the second-order cone constraint with

VR ul? <t

v > 0,

where v € R. Without the positivity constraint on the perturbation,
the dual feasibility conditions of the problem given in the previous sec-
tion reduce to (7). The positivity constraint, without loss of generality,
allows us to solve the problem, and the strict inequality is not a concern
for interior—point methods.

4.2. Smoothing by Reformulation. Although the perturbation ap-
proach works quite well in practice, one may argue that it is better
to have a problem that is exactly equivalent to the original one, but
smooth. Of course, it would also be good to keep the favorable char-
acteristic of convexity in the problem. Keeping this in mind, we now
present three different reformulation alternatives.

4.2.1. Smoothing by Squaring. The most natural reformulation of the
second-order cone constraint is
lul® — ¢*

t

0
0.

IV INA

The nonnegativity constraint is required for the feasible region to stay
convex, and the constraint function

Y(u, t) = [ful* — ¢*

is smooth everywhere. However, it is not convex as its Hessian clearly

shows:
o u 2 [ O
VW—Q{_LL], V'y—Q[O _1]
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Even though the feasible region is convex, its representation as the
intersection of nonconvex inequalities can lead to slow convergence to
dual feasibility, as described in [22]. Therefore, one would not expect
this reformulation to work well.

4.2.2. Convezification by Exponentiation. Using ~, we were able to get
a smooth reformulation of the second-order cone constraint. To over-
come the nonconvexity of v, we can compose it with a smooth convex
function that maps the negative halfline into the negative halfline. The
exponential function is such a smooth convex function, so let

W(u, t) = elliP=/2 _ 1

To check the convexity of ¥ (u, t):

_ S(lulr=2y2 | U
o - coran 1]

T
9 . (|Jul|2=t2)/2 I + uu —tu
VY = e { —tu” 1+

ellull?=2)/2 (I+ { i‘t } [u? —t ]) .

The second expression for the Hessian clearly shows that V2 is posi-
tive definite.

Even though the exponential function gives a reformulation that is
both smooth and convex, it does not behave well in practice because
of scaling troubles. In fact, when |Ju]| is on the order of 10, exp(||lu||?)
is a very large value. Therefore, this approach rarely works in practice.

4.2.3. Convezification by Ratios. Another way to avoid the trouble of
nonconvexity is to use

2
W,
t
t > 0.
Indeed, the constraint function
2
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1S convex:

2ut~!
Vi = [—nun%—z—l]’
I —ut!
2 o1
Vn = 2t {—uTtl ”uHQtz}

_ o { A } (1 —u ],

The second expression for the Hessian clearly shows that it is positive
definite. The strict inequality constraint on t is not a concern when
using interior—point methods, and, in fact, many second-order cone
constraints only have a constant term in the affine expression that
defines t. Now, we have convex functions defining our constraints and
we have eliminated the problem of nonsmoothness.

Note that an additional benefit of this approach is that it yields a
sparser Hessian than the original formulation when v € R™ n > 4.
The sparsity patterns for the Hessians of the cone constraint and the
ratio constraint are as follows:

Ur U U3 Uy t Ur U U3 Uy t

U1 * ok ok %k Up * *

Us EIE T S U * *

(8) U3 * ok ok Xk U3 * *
Uy EIE T S Uy x|

t ‘ t * ok ox k ‘ *

Sparsity issues relating to the second-order cone constraints are very
important for the special-purpose codes as well. This is due to the large
dimensions of real-world problems and the existence of dense columns
in the coefficient matrices. In [9], Goldfarb and Scheinberg propose
a product-form Cholesky factorization which is also implemented in
SEDUMI. Andersen and Andersen also describe in [1] their techniques
for reformulating the constraints and removing dense columns which
are implemented in MOSEK.

In our computational testing, we will use the variable perturbation
and the ratio reformulation techniques to smooth out the second-order
cone constraint.

5. CHARACTERIZATIONS OF SEMIDEFINITENESS

There have been several efforts to solve problems with semidefinite-
ness constraints as NLPs. In the early 1980’s Fletcher’s study [8] of the
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educational testing problem as given in [7] resulted in various character-
izations for the normal cone and the set of feasible directions associated
with a semidefiniteness constraint. He then developed an SQP method
to solve a certain class of semidefinite programming (SDP) problems.
Fletcher and our approach mainly involve re-expressing the constraint
in nonlinear form to characterize the same feasible region. More dis-
cussion of this approach will follow later in the section.

Another approach to expressing an SDP as an NLP is to make a
change of variables in the problem using a factorization of the semidef-
inite matrix and eliminating the semidefiniteness constraint from the
problem. Homer and Peinado propose in [11] to use a factorization of
the form VV7T for the change of variables. Recently, Burer et. al. pro-
posed in [4, 5] using the Cholesky factorization, LLT, to transform a
certain class of SDPs into NLPs. While these approaches work well for
that class of problems, the new quadratic equality constraints make the
problem nonconvex and it is not possible to apply them successfully to
the general SDPs due to multiple local optima. Nonetheless, the latter
approach and its low-rank version are efficient on the particular subset
of SDPs.

For a complete survey of the state of the art in Semidefinite Pro-
gramming as of 2000, the reader is refered to [10].

As stated above, our approach to expressing an LSS with semidef-
initeness constraints as an NLP is to characterize the feasible region
of the semidefiniteness constraint using a set of nonlinear inequalities.
We present here three possible ways to do this:

5.1. Definition of Semidefiniteness—Semi-infinite LP. The most
obvious characterization is to simply use the definition of positive
semidefiniteness:

(9) 'ze>0  VEeER™

These constraints are linear inequalities, and using them would allow
us to express an LSS with only linear and semidefiniteness constraints
as a linear programming (LP) problem, which can be solved very effi-
ciently using LOQO or any other solver that can handle LPs. However,
there would be an uncountably many number of constraints required to
correctly characterize the feasible region. One thing that can be done
is to work with successive LP relaxations, each with a finite subset, say
of size 2n?, of constraints. After solving each LP relaxation, it is easy
to generate a new & whose constraint is violated by the optimal solution
to the LP relaxation, add this to the finite collection (perhaps deleting
the most nonbinding of the current constraints at the same time) and
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solve the new LP relaxation. Doing so would produce a sequence of
LP’s whose solutions converge to the optimal solution to the LSS. This
approach is promising, and it will be a part of our future research.

5.2. Eigenvalues—Nonsmooth NLP. Another possible way to char-
acterize a positive semidefiniteness constraint on Z is to replace it with
the condition that all of the eigenvalues of Z be nonnegative. Let
A\;(Z) denote the j-th smallest eigenvalue of Z. There are two ways to
reformulate the semidefiniteness constraint on Z:
(1) Use a group of constraints that specify that each eigenvalue is
nonnegative: \;(Z) >0, j=1,...,n.
(2) Use a single constraint that requires only the smallest eigenvalue
to be nonnegative: \(Z) > 0.

These two approaches are equivalent. Here is a small example illus-
trating how they work: Consider the n = 2 case:

7 = { oy ] .
Yy
In this case, the eigenvalues can be given explicitly:
M(Z) = ((a+2) - V- 2P +47) /2
(2) = ((t2) + Vo = 2P+ 42 2

Here, A\;(Z) is a strictly concave and A\o(Z) is a strictly convex func-
tion. Therefore, if we considered using the reformulation (1) described
above, by stipulating that all of the eigenvalues be nonnegative, the re-
formulated problem would no longer be a convex NLP. Reformulation
(2), however, gives a convex NLP. A proof that A; is concave in general
can be found in [15]. Nevertheless, it is also easy to see that A\;(Z) is a
nonsmooth function when the argument of the square root vanishes, or
when A (Z) = A\o(Z). Therefore, we are not able to obtain a smooth,
convex NLP from the eigenvalue reformulation of the semidefiniteness
constraint.

5.3. Factorization—Smooth Convex NLP. A third characteriza-
tion of semidefiniteness uses a factorization of the Z matrix. For every
positive semidefinite matrix Z, there exists a lower triangular matrix L
and a diagonal matrix D such that Z = LDL™. Tt is well-known (see,
e.g., [13]) that this factorization exists and D is unique on the domain
of positive semidefinite matrices (L is unique only when Z is positive

definite).
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Let d; denote the j-th diagonal element of D viewed as a function
defined on the space of symmetric positive semidefinite matrices. In
fact, this factorization can be defined for a larger domain, which is the
set of symmetric matrices that have nonsingular principle submatrices.
However, we will define d;(Z) = —oo whenever Z is not positive semi-
definite. We will show in Section 5.4 that each of the d;’s is concave
everywhere and twice continuously differentiable on the set of positive
definite matrices.

If the nonlinear programming algorithm that is used to solve the
SDP is initialized with a positive definite matrix Z and is such that it
preserves this property from one iteration to the next, then the con-
straints

(10) d;j(Z2)>0, j=12,...n,

can be used in place of Z = 0 to give a smooth convex NLP.
We will show next that the d;’s are concave.

5.4. The Concavity of the d;’s. In this section we show that each
diagonal element of D in an LDL” factorization of a positive definite
matrix Z is concave in Z.

Let S7*" denote the set of symmetric positive semidefinite matri-
ces and let S77" denote the subset of S*" consisting of the positive
definite matrices. We endow these sets with the topology induced by
the Frobenius matrix norm defined by [|Z|* = >_,; 27 The following
results are well-known.

Theorem 1.
(1) The interior of SI*" is ST (see, e.g., [2], p. 20).
(2) For every Z in ST" there exists a unit triangular matriz L and
a unique diagonal matriz D for which Z = LDLY (see, e.g.,

24]).

Fix j € {1,2,...,n} and let z, r, S denote the following blocks of Z:

J
Sl rl x
(11) Z = g | T 2] *
x| *| %

Theorem 2. For Z € ST, the matriz S is nonsingular and d;(Z) =
z—rTS 1y,

Proof. 1t is easy to check that every principle submatrix of a positive
definite matrix is itself positive definite. Therefore S is positive definite
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and hence nonsingular. Now, factor Z into LDL" and partition L and
D as we did Z:

J J
_ LO 0| 0 o Do 0] O
L= 1ol P~ [o[do
x| k| * 0] 0] x
From Z = LDLY, it is easy to check that
S = LoDoL{
(12) r = LQDQU
(13) z = d-+u'Dyu.

From (12), we see that u = Dy ' Ly 'r. Substituting this expression into
(13), we get

z = d—i—rTLaTDo_lLalr
= d+r'S7
O

Theorem 3. The function d : R x R" x S{" — R defined by
d(z,r,S) =z —rTS~r is concave.

Proof. Tt suffices to show that f(r,S) = r7S~1r is convex in (r, S). To
do so, we look at the first and second derivatives, which are easy to
compute using the identity 95" /ds;; = =S 'e;e] S

gi = 20757,

8?;2 - 281;1’

ai{j = (TS, TS,

asigskl = (PSS (ST 4+ (rTSTiSH (rT ST,
822’; - = TSRS = S (TS

Letting H denote the Hessian of f (with respect to each of the s;;’s
and the 7;’s), we compute (T HE using the above values, where ¢ is a
vector of the form

T
§= [ a1 @izt A1t Apl Ap2 o Gpn b1 by oee by } .
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Letting A = [a;;] and b = [b;], we get that
¢THE = Z ai (r"'S~ ee] S~ eie; ST+ 1T S eie] ST eper ST ) an
iji kil
+ Z b; (—TTS’lekelTS’lei — e?S’lekelTS’lr) Qi
ikl
+ Z ;i (—rTS’leie]TS’lel — elTSfleie;‘-rSflr) b
il
+ Z bz (6?5_161‘ + SZTS_IGJ‘) bj
12
= 2 (rTS_lAS_lAS_lr — TS AST I — b ST AS T + bTS_lb) )
Since Z is symmetric and positive definite, we can assume that A is
symmetric too and we get

fTHg = 2 (TTS—lAS—1/2 _ bTS—1/2) (S_I/ZAS_IT . S_l/gb)

= 2|57 2Asr — )|’
0.

v

Thus, H is positive semidefinite, and f is convex. 0

Remark. The expressions for the derivatives with respect to the
diagonal elements of Z were also given by Fletcher in [8].

Since det(D) = det(LDL") = det(Z), it follows that — Y77 log(d;(Z))
is the usual self-concordant barrier function for SDP (see, e.g., [14]).

5.5. Step shortening. As stated above, the reformulated problem is
convex and smooth only in the set of positive definite matrices. There-
fore, we need to start with a strictly feasible initial solution keep all of
our iterates strictly feasible as well. Even though it is hard to guar-
antee that a strictly feasible initial solution can be easily supplied in
general nonlinear programming, it is actually fairly easy for our refor-
mulation of the semidefiniteness constraints. All we need is to set Z
equal to a diagonally dominant matrix where the diagonal entries are
large enough to yield a positive semidefinite matrix.

Once we start in the interior of the feasible region, we need to stay in
that region for the rest of our iterations. However, there is no guarantee
that the algorithm will behave that way. Since LOQO is an infeasible
interior-point algorithm, it is expected that the iterates will leave the
interior of the positive semidefinite cone eventually.
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In order to see why the iterates become infeasible, let us observe how
the infeasibility, denoted by p, behaves. As discussed before,

hi(z) = w; — p;
for each constraint i. We want h;(z) to start and remain strictly greater
than 0, so it would suffice to show that p; can start and remain nonpos-
itive. In linear programming, p changes by a scaling factor from one
iteration to the next, so if it starts nonpositive, it will stay nonpositive.

In our NLP, however, this does not hold. An algebraic rearrangement
of the Newton equation associated with the i-th constraint yields

Using the concavity of h;, we bound the infeasibility, denoted by p;, at
the next iteration:

pi = w;+ alAw; — hi(z + aAzx)
w; + alAw; — hi(x) — aVhi(z)T Az

= w; — hi(z) — o (Vhi(z)" Az — Aw;)

= (I-a)p.
Instead of p; being equal to a scaling factor times p;, it is greater than
that value. Therefore, even if we start nonpositive, or even less than w;,
there is no guarantee that we will stay that way. In fact, computational
experience shows that p; does indeed go positive, even passing w; to
give a negative value for h;.

There is something that can be done to prevent this, however. An
analogy from the rest of the algorithm is useful here. In our algorithm,
we need to keep our slack variables strictly positive at each iteration.
This is exactly what we want for h; as well so that our algorithm
stays in the interior of the set of positive semidefinite matrices. We
achieve the preservation of the strict positivity of the slack variables
by shortening our step, «, at each iteration, and we can use another
step shortening procedure to do the same for the h;’s. Since h; starts
and remains positive, we can reset the slack variable w; to equal h; at
each iteration, also setting p; = 0.

The extra step shortening allows us to start and remain in the set
of positive definite matrices. However, any time we shorten a step, we
need to make sure that it does not cause “jamming.” Jamming occurs
when the iterates get stuck at a point and the steplength keeps getting
shortened so much that the algorithm cannot make any more progress
toward optimality. This phenomenon comes up in nonlinear program-
ming sometimes, and we have implemented in LOQO a mechanism to
“shift” the slack variables so that the algorithm becomes unstuck and

Y]
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continue making progress. However, we will show in the next section
that such a mechanism is not necessary for our semidefiniteness refor-
mulation, and in fact, we will not encounter the jamming phenomenon.

5.6. Jamming. A necessary anti-jamming condition is that each com-
ponent of the vector field of step directions is positive in a neighborhood
of the set where the corresponding component of the solution vector
vanishes.

To state our result, we need to introduce some notation. In partic-
ular, it is convenient to let

H=H+M.
We consider a point (Z,w, y) satisfying the following conditions:
(1) Nonnegativity: w > 0, y > 0.
(2) Strict complementary: w +y > 0.

Of course, we are interested in a point where some of the w;’s vanish.
Let U denote the set of constraint indices for which w; vanishes and let
B denote those for which it doesn’t. Write A (and other matrices and
vectors) in block form according to this partition

B
A= .
Matrix A and all other quantities are functions of the current point.

We use the same letter with a bar over it to denote the value of these
objects at the point (z,w, 7).

Theorem 1. If the point (Z,w,y) satisfies conditions (1) and (2), and
U has full row rank, then Aw has a continuous extension to this point
and Awy = uYu’leu > 0 there.

Proof. From the formula for Aw given in Section 1, we see that
(14) Awy +py = —UN'Vf(z)
+UNTTATW = (Y p + pe) .
To prove the theorem, we must analyze the limiting behavior of U N-!
and UN—1ATW 1L,
Let

K=N-U"W,;'Y,U=H+ B"W;'YsB.

Applying the Sherman—Morrison—-Woodbury formula, we get
N7' = (UTW, "YU+ K)™!
= K 'K ' (UK'UT + WY, ') UK.
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UNT' = UK UK 'UT (UK'UT + WY, Y) UK
(15) = Wyt (UK'UT + WYy ) UK

From the definition of I/, we have that W, = 0. In addition assumption
(2) implies that Yz, > 0, which then implies that Y;;! remains bounded
in a neighborhood of (z,w,%). Also, K is positive definite since A
is chosen to make H positive definite. Hence, K is nonsingular. The
assumption that U has full row rank therefore implies that the following
limit exists:

lim (UK'UT + WY, ) UK = (UK'07) " UK.
Here and throughout this proof, all limits are understood to be taken
as (x,w,y) approaches (z,w,y). From the previous limit, we see that
limUN~' = 0.

It is easy to check that assumptions (1)-(2) imply that the terms mul-
tiplied by UN ™! on the first line of (14) remain bounded in the limit
and therefore

(16) lim —UN~'V f(z) = 0.

Now, consider UN“'ATW 1. Writing A and W in block form and
using (15), we get

UNTTATW L = W,V (UK 'UT + Wy Yy ) UK [ BTWg' UTwy .
The analysis of UN~! in the previous paragraph applies to the first

block of this block matrix and shows that it vanishes in the limit. The
analysis of the second block is more delicate because of the W, ! factor:

WY, (UKUT+ W,y Y UK 0T Wy,
— WY, (1 — (UKUT + WYy Y WMYL,‘1> Wit
= (1=t KU W) T vy
= UK'UT (UK'UT + WY, )yt

From this last expression, we see that the limiting value for the second
block is just Yu_l. Putting the two blocks together, we get that

ImUNT'ATW =0 Y, ]
and hence that
(17) Hm UN AW (Y p + pe) = pu + pYy; bey.
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Combining (16) and (17), we see that
lim Awy, = /A_/u_leu.
U

It follows from Theorem 1 that the interior-point algorithm will not
jam provided that the sequence stays away from boundary points where
complimentary pairs of variables both vanish.

Therefore, we now have a reformulation of the LSS problem that is
a smooth and convex NLP. With the minor modification in our algo-
rithm of an extra step-shortening for semidefiniteness constraints, we
can use the general-purpose interior-point method to solve this prob-
lem without worrying about jamming. In the next section, we present
our implementations of the reformulation in AMPL and of the step-
shortening in LOQO. We also present results from numerical testing for
problems from the DIMACS Challenge test suite.

6. COMPUTATIONAL EXPERIENCE

In this section, we will present results from numerical testing with
the reformulation approaches presented in the previous sections. As al-
ways, our goal is to integrate LSS problems into the context of NLPs by
formulating them using AMPL and solving them using general-purpose
nonlinear programming algorithms. We start by presenting the imple-
mentation of our reformulation in AMPL.

6.1. The AMPL interface. As discussed in the previous sections, our
approach to reformulating the LSS problem is to smooth the second-
order cone constraint using a perturbation or reformulation and to
replace the semidefiniteness constraint of the form

Z =0,
where Z is a symmetric n X n matrix, with n constraints of the form
di(Z)=2z—s"R's >0,

where d; is the jth entry in the diagonal matrix D of the LDL" factor-
ization of Z and z, s, and R are as described in (11). It is easy to express
the second-order cone constraint smoothing methods in AMPL. How-
ever, because of the matrix inverse in the expression for the semidefi-
niteness reformulation, it is not easy for the user to formulate a general
AMPL model for this problem. In fact, it is best to hide the details of
the reformulation altogether from the user.
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To this end, we have created a user-defined function in AMPL called
kth_diag, so that the user can just specify constraints of the form

d;(Z) > 0,

and the definition of d;(Z) is performed internally. The user-defined
function defines function, gradient and Hessian evaluations as described
in the previous section. We have created a generic AMPL model for this
problem, called sdp.mod to illustrate the usage of the kth_diag function,
and this model is provided in the Appendix of this paper. In order to
specify a new problem, one only needs to supply the data vectors and
matrices for this problem.

Another important issue to address is the initialization of the matrix
7. As discussed before, in our algorithm, we need to initialize Z to
be a positive definite matrix, and using a diagonally dominated matrix
in our initialization suffices. For our implementation, we can simply
initialize it with the identity matrix.

6.2. Algorithm modification for step shortening. As described
in the previous chapter, the interior-point algorithm requires an extra
step shortening to keep the iterates strictly feasible in order to guar-
antee a smooth convex problem. To this end, we have implemented an
option in LOQO called sdp. When this option is turned on using the
command option loqo_options "sdp"; in AMPL, LOQO calls a sub-
routine called sdpsteplen each time a new step direction is computed.
This subroutine factors Z, the matrix at the new point, to determine
if it is still positive definite. If it is not, the steplength is repeatedly
halved until we get to a new point that yields a positive definite matrix.

Also, if the sdp option is turned on, at the beginning of each iteration,
we reset the slack variables associated with the reformulated constraints
to the values of the constraints and the infeasibility, p, to zero.

6.3. Numerical Results. The problems that we will use in numerical
testing are a wide range of applications that have been formulated in
MATLAB for the DIMACS Challenge test suite. Because we are using
AMPL to solve these problems, we have made AMPL versions of all of
them, and they can be downloaded at [19]. All models were run on a
Sun SPARC Station running SunOS 5.8 with 4GB of main memory and
a 400MHz clock speed. We have used Version 6.0 of LOQO, as described
n [12], and Version 20000814 of AMPL. All times are reported in CPU
seconds.

We should also note that for the problems with second-order cone
constraints, the convex option in LOQO was turned on. Since the default
in LOQO is to tune the parameters of the problem for general nonconvex
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problems, turning on the convex option allows for better performance
on problems that are known to be convex, such as the ones consid-
ered for this paper. This option affects the initialization of the slack
variables and the ordering of the reduced KKT matrix for Cholesky fac-
torization, and it enforces the use of the predictor-corrector algorithm.
Further details are provided in [17].

In Tables 1 and 2, we present numerical results from the DIMACS
test suite on problems with second-order cone constraints. The first ta-
ble gives the results of the ratio reformulation models, and the second
table gives the results of the variable perturbation models. Note that
the scheduling models and nb_L2 are not included in Table 2. The rea-
son for this is that the number of nonzeros in the Hessian is very large
when there is a second-order cone constraint with a large dimension.
Therefore, the variable perturbation is only used for the models where
there are many second-order cone constraints, but where the dimen-
sion of each constraint is quite small. Also, the variable perturbation
approach did not work for nb and nb_L2 bessel, so these models are
omitted from Table 2, as well.

The results provided in the Tables are iteration counts, runtimes (in
CPU seconds), optimal value of the objective function, error of the
linear constraints given by

and error of the quadratic constraints given by
min(eigK(z, K)).

The function eigK is from SEDUMI, and its description can be found
in [18]. LOQO is able to solve all but two of the largest problems in the
test suite, with varying degrees of accuracy. In Table 3, we provide a
comparison for the runtimes with the state-of-the-art special-purpose
solver SEDUMI. For the most part, LOQO is slower especially as the
problem size grows, but SEDUMI spends considerably more time on
the scheduling problems and concludes that it is running into numerical
problems at optimality or cannot solve them.

The reformulation of the semidefiniteness constraints works and solves
many problems from the SDPLib set [3]. However, only 3 of the prob-
lems from the DIMACS Challenge test suite (trusss, hinf12, hinfl3) are
small enough for us to attempt, but these are challenging problems that
LOQO cannot solve. We will be performing more numerical testing for
the reformulation of the semidefiniteness constraints when Version 2.0
of the DIMACS Challenge test suite is released with a wider variety of
problems. For the sake of completeness, however, we present numerical
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Problem Iter | Time | Optimal Value norm eigkK
nql30 54| 14.07 | -9.460348e-01 | 1.12539¢-13 | -2.8132¢-06
nql60 83 | 153.37 | -9.350402e-01 | 2.25583e-13 | -1.8045e-05
qssp30 23 8.13 | -6.496594e+-00 | 4.12790e-11 | -1.4218e-05
qssp60 271 91.05 | -6.562395e+4-00 | 2.93430e-12 | -1.0502¢-05
nb 78| 85.97 | -5.070292e-02 | 2.77775e-12 | -5.7397Te-13
nb_L1 40 | 40.64 | -1.301228e+01 | 1.99581e-11 | -5.1364e-11
nb_L.2 240 | 552.17 | -1.628972e+00 | 8.22174e-12 | -1.5701e-16
nb_L2 bessel 43 | 49.37 | -1.025683e-01 | 2.22625e-12 | -1.0150e-11
50x50.orig 75| 17.06 | 2.667300e+04 | 2.48493e-13 | -1.7303e-05
50x50.scaled 78 | 20.26 | 7.852039e4-00 | 3.87081e-11 | -3.6797e-08
100x50.0rig 115 | 57.87 | 1.818899e+-05 | 9.22323e-09 | -3.1298e-08
100x50.scaled 92| 55.17 | 6.716503e+01 | 1.17143e-09 | -3.1057e-09
100x100.orig 122 165.22 | 7.173671e+05 | 3.50900e-04 | -5.7551e-04
100x100.scaled | 106 | 133.73 | 2.733079e+-01 | 2.31093e-08 | -3.3763e-12
200x100.orig 152 | 521.60 | 1.413618e+4-05 | 7.88213e-07 | 5.9207e-08
200x100.scaled | 253 | 831.22 | 5.182778e+01 | 7.27618e-11 | -6.2027e-06
TABLE 1. Summary of solution results by LOQO (ra-
tio reformulation) for linear and second-order cone con-
strained problems from the DIMACS Challenge.
Problem | Iter | Time | Optimal Value norm eigK
nql30 52| 14.59 | -9.460348e-01 | 7.14911e-14 | -8.5374e-06
nql60 73 1152.21 | -9.350402e-01 | 3.79208e-13 | -1.3250e-05
qssp30 38| 17.87 | -6.496594e+00 | 5.23019e-11 | -4.1926e-06
qssp60 43| 171.69 | -6.562395e+4-00 | 3.23791e-12 | -1.6213e-05
nb_L1 52| 50.65 | -1.301228e+-01 | 1.76626e-12 | 7.1700e-12

TABLE 2. Summary of solution results by LOQO (vari-
able perturbation) for linear and second-order cone con-
strained problems from the DIMACS Challenge.

results in Table 4 for problems from the SDPLib set. The measures
of error provided in the table are the number of digits of agreement
between the primal and dual objectives for the reformulated problem
(sf) and the primal and dual feasibility levels (feas).
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Problem LOQO | SeDuMi
nql30 14.07 6.99
nql60 153.37 39.16
gssp30 8.13 10.70
qssp60 91.05 | 134.57
nb 85.97 35.35
nb_L1 40.64 | 364.22
nb_L2 552.17 61.55
nb_L2_bessel 49.37 23.10
50x50.0rig 17.06 36.17
50x50.scaled 20.26 54.73
100x50.0rig 57.87 | 196.43
100x50.scaled 55.17 | 481.85
100x100.orig 165.22 |  527.79
100x100.scaled | 133.73 *
200x100.orig 521.60 | > 4 hrs
200x100.scaled | 831.22 | > 4 hrs

Comparison of runtimes for LOQO (ratio re-
formulation) and SeDuMi. All runtimes are in CPU Sec-
onds. * indicates that SeDuMi was unable to solve this

problem.
Problem | Variables | Constraints | iter | time | sf | feas
trussl 25 32 30 007 9 1071
truss2 389 464 | 192 833| 5 107°
truss3 118 122 | 176 329 8 107°
truss4 49 56 39 0.1512 1078
truss6 2024 2147 | 2867 | 531.97 | 4 1074
truss? 537 75211500 | 73.14| 3 1074

TABLE 4. Iteration counts and runtimes for small truss

topology problems from the SDPLib test suite.

7. CONCLUSIONS.
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We have thus outlined two approaches for smoothing second-order
cone constraints and a reformulation method for expressing semidef-

initeness constraints as nonlinear inequalities.

As the numerical re-

sults show, a general-purpose solver is quite efficient on problems with
linear and second-order cone constraints, especially when a perturba-
tion or reformulation approach is used to handle nonsmoothness issues.
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The variable perturbation seems to work well for problems with small
blocks, whereas the ratio reformulation yields a much sparser Hessian
for problems with larger blocks and allows them to be solved faster.

The reformulation of the semidefiniteness constraints, on the other
hand, can be solved by LOQO only for small instances. This is due to
A(z) and H(z,y) being dense and the fact that they are quite often
expensive to evaluate. This is true more so for the Hessian than for
the Jacobian. Sparsity can be improved using properties of the dual
problem, nonetheless, it is probably best to use a first-order algorithm
to solve problems with semidefiniteness constraints.

The true strength of our approach is that there are many NLP solvers
in the optimization community that can use our reformulations to solve
LSS problems. The semidefiniteness constraints require, of course, that
the iterates start and stay feasible. A recent paper by Nocedal, et. al.
[16] describes their implementation of a step reducing method for in
their solver KNITRO, and we are planning to perform future numerical
tests with this solver.
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APPENDIX A. THE SDP MODEL.

function kth_diag;
param K;

param N{1..K};
param M;

param b{1l..M} default O;

set C_index{k in 1..K} within {1..N[k], 1..N[k]};
set A_index{k in 1..K, m in 1..M} within
{1..N[k], 1..N[k]l};

param C{k in 1..K, (i,j) in C_index[k]};
param A{k in 1..K, m in 1..M,
(i,j) in A_index[k,m]};

param eps := le-6;

var X{k in 1..K, i in 1..N[k], j in i..N[k]} :=
if (i==j) then 1 else O;
var y{1..M} := 1;

maximize f:
sum {i in 1..M} y[il*b[i];

subject to lin_consi{k in 1..K, (i,j) in C_index[k]}:
clk,i,jl -
sum {m in 1..M: (i,j) in A_index[k,m]} Al[k,m,i,j]l*y[m]
= X[k,1,j];

subject to lin_cons2{k in 1..K, i in 1..N[k],

j in i..N[k]: '((i,j) in C_index[k])}:

-sum {m in 1..M: (i,j) in A_index[k,m]} Al[k,m,i,j]l*y[m]
= X[k,i,jl;

subject to sdp_cons{k in 1..K, kk in 1..N[k]}:
kth_diag({i in 1..N[k], j in 1..N[k]: j >= i}
X[k,i,j], kk, N[k]) >= eps;

option presolve O;
option loqo_options "sdp";
solve;
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