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Cutting Plane Algorithms

e Introduction

e Valid Inequalities

e Chvatal-Gomory Procedure

e Gomory's Fractional Cutting
Plane Algorithm

Cutting Plane Algorithms
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= Introduction

Consider the general integer program:
e Introduction

e Valid Inequalities

e Chvatal-Gomory Procedure ( ) . { T . }

e Gomory's Fractional Cutting ‘[P ° maX cC Ir.x E X
Plane Algorithm

Lagrangian Duality Where

X={z: Az <bxec Z!}.

Proposition: conv(X) = {z : Az < b,z > 0} is a polyhedron.
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Cutting Plane Algorithms
e Introduction

e Valid Inequalities

e Chvatal-Gomory Procedure

e Gomory's Fractional Cutting
Plane Algorithm

Lagrangian Duality

' Valid Inequalities

Definition: An inequality 7'z < 7y is a valid inequality for
X CRifrnle <mgforall x € X.

Examples:
= A 0-1 Knapsack Problem with weights of (3, 4, 5, 2) and a
maximum weight of 7

X {(z,y) : 2 <9999y,0 <z <5,y € {0,1}}

X {(r,y):x<10y,0<z<l4,yec 7.}

X :{x € Z : 13z + 2022 + 11la3 + 624 > 72}

X :{zeZi,ye Ry 13z 4+ 202 + 11lag + 624 +y > 72}
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- Chvatal-Gomory Procedure

Y
Let X = PN Z" where P = {x € R} : Ax <b}. A e R™*"
o vald Inecuaiies with columns {a1, as,...,a,}, and u € R". Then:

e Chvatal-Gomory Procedure

e Gomory's Fractional Cutting

Plane Algorithm 1 The Inequallty Z uTCLJCC] S uTb |S Valld for P

Lagrangian Duality

g=1

2. The inequality » "|u"a;|z; < u"bis valid for P.
j=1

3. The inequality Y "|u"a;|z; < [u"b] is valid for X.
j=1
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= | Gomory’s Fractional Cutting Plane Algorithm

Example:

e Introduction

e Valid Inequalities max 4:]3 1 - a:-2

e Chvatal-Gomory Procedure

e Gomory's Fractional Cuttin

st Tep—2r2 < 14

Lagrangian Duality Qj2 S 3
2T 1 — 2T 2 S 3

2
CEEZ+.
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Cutting Plane Algorithms

Lagrangian Duality

e Lagrangian Relaxation
e Lagrangian Dual

e Examples

e How Good is the Upper

e oo Lagrangian Duality

e Choosing a Lagrangian Dual
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& Lagrangian Relaxation

Cutting Plane Algorithms CO”Slder the I P

Lagrangian Duality P — maX CT.CE

e Lagrangian Dual St Da’j S d

e Examples

e How Good is the Upper
Bound? i E X,

e Solving the Lagrangian Dual
e Choosing a Lagrangian Dual

where Dx < d are m complicating constraints.

Define the relaxation

z(u) =max clz+ul(d— Dx)
st. xe X,

where u > 0.
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& Lagrangian Dual

5
Cuting Plane Algorms The Lagrangian Dual Problem:
s wrp = min{z(u) : u > 0}

e Examples
e How Good is the Upper
Bound?

e Solving the Lagrangian Dual U are the Lagrange mU|t|p||erS.

e Choosing a Lagrangian Dual

Let u > 0, if the following conditions hold:
1. x(u) is an optimal solution of I P(u)

2. Dx(u) <d

3. (Dx(u)); = d; whenever u; > 0 (complementarity)
then z(u) is optimal in IP.
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& Examples

S
Sl P A = Uncapacitated facility location: An instance with m = 6
clients and n = 5 potential locations, fixed location costs
- oo f=(2,4,5,3,3) and the client-location profit matrix

e Examples

e How Good is the Upper

Bound? _6 2 1 3 5_
e Solving the Lagrangian Dual
e Choosing a Lagrangian Dual 4 10 2 6 1
3 2 4 1 3
Cij —
2 0 4 1 4
1 8 6 2 5
| 3 2 4 8 1]

= Symmetric TSP: An instance of STSP with edge cost matrix

— 30 26 50 40

— — 24 40 50
Ce = | — — — 24 26
— — — — 30
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+ | How Good is the Upper Bound?

Cuting Plane Algorthms Theorem: wr,p = max{cl'z : Dz < d,x € conv(X)}.
Lagrangian Duality

e Lagrangian Relaxation |f X — {x c Z,—?— . A:C S b} and COTL’U(X) p— {,CU -~ R:L_ . A:C S b},

e Lagrangian Dual
i then wr,p = max{clz: Dx < d, Az < b,z € R}

Bound?
e Solving the Lagrangian Dual

e Choosing a Lagrangian Dual
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& Solving the Lagrangian Dual

Cuting Plane Algoritms Definition: A subgradient at v of a convex function f : R™ — R
Lagrangian Duly is a vector v(u) € R™ such that f(v) > f(u) +~(u)!' (v —u) for

e Lagrangian Relaxation

e Lagrangian Dual a” v E Rm .

e Examples
e How Good is the Upper

Sound? The Subgradient Algorithm:

e Solving the Lagrangian Dual

=coosngatagergn 0wl ] Pick initial Y, let k = 0.
2. Solve the Lagrangian problem I P(u*) with optimal solution
3. uft = max{u® — ul(d — Dz(u")),0}.
4. Let k =k + 1. Go back to step 2.
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« Choosing a Lagrangian Dual

Cutting Plane Algorithms leen a prObIem Of the fOI'm

Lagrangian Duality
e Lagrangian Relaxation T

e Lagrangian Dual maX cC X

e Examples

e How Good is the Upper S . t . A 1 xr
Bound?

e Solving the Lagrangian Dual AQ:E

e Choosing a Lagrangian Dual

b1
b2

n

4+

8
m A A

which constraint(s) should we dualize?

The choice depends on
1. The strength of the resulting Lagrangian bound

2. Ease of solution of the Lagrangian subproblems
3. Ease of solution of the Lagrangian dual problem
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