SECOND ORDER LINEAR DIFFERENTIAL ESUATIONS

MOTIVATION : ConSIDER A MASS oN A SPRING, E.G.,
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To DESCRIBE THE NOoNON we NEED TP Find X it)
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SECOND ORDER LINEAR DIFFERENTIAL EQUATIONS :

y" ¢ ch)y'+ gexdy = £ex) ¢ NOHONOGCENEOLS )

y"+ pody’s gy = O ( HONDGENEOLS )

WHERE PCX) , 40%X) AND ItX) ARE KNOWN FUNCTIONS oF X

WE WILL CoNSIDER oNLY THE HONOGENEAVS CRSE



Exanme : Y 1Y =0 Cy" +0y'+1y=z0)

WE HAVE ALREADY FOUND LOTS OF SpoLUTIONS By mSPECTION :
Sy X
cos %X

A sv ¥
B cos X
Asio X +Bros X

(A, B ARE ARBITRARY CONSTANTS )

IT wouvlD 38 NICE TO KNOwW THAT wE HAVE ACTVALLY FOUND THEDN ALL ,

THEOREN : SUPPoSE pcx) Anp %Lx) NRE CONTINLOVS ON SONE OPEN

ivteRvAL I. THEN THE EQuAMon
y" + pory’ s gevry =0

HAS (INFIMITELY NANY ) Sél.u‘nons ov I, [NOREOVER, IF Y, %)
AND Y, LX) ARE TWoO SOLUMONS AND IF NEITHER oF THESE IS A

COVSTANT NULTIPLE oF THE OTHER ( wE SAy TYAT y,i¥) Avo Yyex)
ARE LINEARLY INDEPENDENT ), THEN EVERY Sorunon cAn BE

CORITIEN IN THE FORN

C,Y,t%) +C, ¥Yyix)

FOR SONE CONSTANTS C, ANOD C,



THE PROOF OF THIS 1S TOO HARD FOR US 1n> HERE SO wk will MNST

DISCUSS IT. WE wILL USE IT, HOWEVER

EXANPLES :
I, y ty=o0

Yitx) = SINX AND Yy, LX) = cos X ARE Mwo SoLvTloNS
THEY RRE LIWEARLY INDEPENDENT BEFCAVSE SInvYX 1S
NOT A CoNSTANT NULTIPLE oF cos X C IF IT WERE
TRUE THAT SINYX = Ccosx FOR ALL X, THEN

Sw 0:=2Cc0s0 so ©0:=C, AwM so Sin X = O FoR

ALL X AND THAT'S JusT Siay ) AwD cos X 1S NoT A

CONSTANT NULTIPLE OF SN X L SINILAR ARGUNENT ),
™MvS, EVERY SoLunom m /" ty = O 15 oF TWE
FoRn

e, SivX + C;losX

FOR SoNE comSTONTS C, Avp C, |
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ANp SO IS Y eX) = e (e¥-e" = e-e =0 )

NoREOVER, THESE ARE LINEARLY INDEPENDENT -



x ax
e :cé = € =C Bur ™ISLAN'T BE
L
SIVCE € x 1s | pr x=2 Arno

e AT X = 3 .

' x
SinmLARLy | €

X
CE 15 INPosSIBLE, THUS, BVERY
SoLvmen To y "~y =0 IS

X -¥
c,e ¢ c, e

ForR S6nE convsmnts C, ANO C, |

n

3, y' -ay'+y =0

NoTICE THAT y,lx) = ex 1S A SoLvNown,

X L, %X, ¥

e*)" - ae® 1) =et-ae"ie” 0,

A SEcond SoLuTion TMT ISN'T B conSTONT NULTIPLE of ¥ i1sm'T

So EASy To SPor, BUT A LITTLE EXPERINENTRTION GIVES

Yytx) = xeX,

7 ) 4
oxeX) - aixe*) ¢ xe* = (xe¥re®)’ - axereX) + xe*

) 4

X
xefre¥ie® -axeX-ae’ ixe

= 0
THESE ARE LINEARLY iINDEPENQENT BECALSE



Clo)ea

o
@ z Cxe” inpes €
1 = O

wricH 1S STUVPID

X o
xe* = ce® inmies o0e’: ce

sSe xex = O AnD

1e' =0
e =0
Anp THIS 1S JUST AS BAD

™US, EVERY Solumon T y "~ ay ‘4 y =0 1Is

c,e* +c,xe*

FOR SONE CoONSTANTS C, AnD C,

NOTICE THRT THE SoluvNoNs TO THESE EQLATNIONS ConTriv

TWo ARBITRARY CONSTANTS AND SPECIFYING A POINT FOR

THE SoLuTion TO 66 THROVGH ( y*¥,) =Y, D 1S onty

e_:g_‘_E CONDITION SO IT CANV'T DETERNINE BoTH ConSTANTS

FOR SECOND ORDER LINEAR ERUANONS A UNIGUVE SOLLTIon

15 DETERMNED BY SPECIFYyInvG
A PoINT FoR 17 TO GO THRovLG H, AND

THE SLOPE wiTH WwHICH IT SHoLLD 60 THROLG N

!

.
™IS POIVT,



EXPOPLE @ SOLVE THE INITIAL VALVE PRoBLED
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SLOPE = O
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WE ALREADY KAOW THE SOLVTIONS T Y -y = O
yex) = ¢, e v e e

-0
yoyz= | = c,e®ic,e =1 = ¢, +c, =

Y'CX) s C, c)‘_ c,'c'x Se
’ -] 0L
yit) = 0 = c,e ~¢c,e

=0 = al-ca_zo

™VS , WE NEED

C‘ - cz -3 a
ADD
- 4+
C., - 1
T™EN
C’_ = C, = t
X L -x I A X, ~X -
SoLLTION yex)z $ e Fze = yleie )

= cOsH %



EQUANONS LIKE y . +pixyy ‘s sur))/ €O PRE CENERALLY
INPOSSIBLE TO SOLVE EXPLICITLY EXCEPT WHEN THE
COEFFICIENTS ARE CONSTANT

2" oRDER, LINEAR, Hono cENEOUS EQUATIONS WiTl CoNSTINT

COEFFICIENTS :

oy +by'secy =0

Cab,c covsmars AvO a ¥ 0 )

NOTE : SONE TINGS TO FoliLow will Look

NEoRE FANILIAR 1IF wE DO NOT 1vSIST THAT
TME COEFFICIENT of y” 15 1,

WE'RE GOING TO BEGIN WiTH THE “GUESS — THAT SUCH AN EQUATION
SHovLD HAVE EXPONENTIAL SoLUTONS, T.E., wE will Look FoR

SoluNoNS oF THE FORN

CONPUTE THE DERIVATIVES, PLLG INTo Ay "+ by'tcy =0 Amo

TRY SoLyE FoR I



y-.-e

; rx
y = re

. rXx
y'=prte

| rx r
» rx
ay” + by'scy ar’e *ibre ice

Nx
tartibrsc)e

"

wWHICH CAN) onLy BE 2ERC IF

artsberrc =0

CCALLED THE CHARACTERISTIC EQUATION , OR AVXILIARY EQUATION
FoR ay”

tby'scy=0),
THE SoLvNoNS

- b2 J/b*%ac

Q@

NAY BF
. REAL AND DiISTInCT

a. REAL Awo REPEATED

3. ConpLEX

IF THE SoLuTionNs To THE CHARNAC TERISTIC EQUATION ARE

r\
Two DISTINCT REAL NUNBERS ', AnD f‘z , THBL @ X

raX
avp € *7 BRE SoLuTons To THE DIFFERENTAL EQuATIoN,

THEY ARE LINEARLY INDEPENOENT ( AN EXERCISE FOR You) So



c,e t c,e

IS THE GENERAL SoLvNonN T THE DIFFERENTIAL
EQULATION ,

EINPLE :  y"-y' ¢y z0o

CHARACTERISTIC EBQUATNON :

Ptapr - ¢ o

[L]
°

Cr=3)rs+2)

rPs= -2,3

SoLunony To DIFFERENTIAL EQUANON :

-2X 3x
e, e tc, e

a. JF THERE 1S JUST OnE REAL SorvTeny ! To
THE cHARACTERISNIC EQuAnen, THEN e ¥ i

A Sorvnen ™ THE DIFFERENTIAL EQUATION |

As 1~ EXAAPLE ¥ 3 PAGE S, A SEcond

rx
LINEARLY INDEPENDENT SoLuTion 1S XE  Se

" P
c,e +e¢,xe

IS THE GENERAL SolLuTIoN To THE DIFFERENTIH)

EQUATION

0,



EXANALE : y -8y 41ty 20

CHARACTERISTIC EQUATION !
rt-8r 416 =0
¢f -4)r-4) 20

P=y

SoLynony T THE DIFFERENTIAL EQRVATION

Hy ¥
cvc + Clxe

3. IF TWE SOLUTMONS TD THE CHARACTERISTIC EQUATLON
ARE ConPLEX

r :a:lu'

THEN THE GENERAL SoLUNON TO THE DIFFERENTIAL

EQUATLN 1S
ax ax
c,e coshx + c e smbx
NOTE . ADMIITEDLY , THIS Looks A LITTLE WEIRD, IT7 will

HELP TO UNDERSTAND WHERE THESE FUNCTIONS CANE FRON IF
You RENENBER SONETWMING ABOUT conPLEX NUNBERS .

.
EULBR'S FORNULA : @ = cost + 4 sin 2

CWE'LL DERIWE THIS USING TAYLOR SERIES IN A FEw WEEKS . )

",



12,
WiTH THIS WE CAN LonpuTE

P X taibidx ax + bxi ax bxs
e L s

= e e

[+ % .
e ¥(055x+ s smbx)

e Foshx + s sin bx

b 4
NOW You CAN AT LERST SEE wWHERE THE FUNCTIoNS € tasbx AnD

e* smbx cane Feop. JUST PLUGGING THEN IvTD THE EQUATION

SHows THAT THEY ARE SOLUTIONS AND IT IS BASY T© SEE TyRT THEY
ARE LINEARLY INDEPENDENT,

EXANPLE : y"&y'fy )

CHARACTERISTIC EQUATION

ptipsrzo

-l ¥ J 1®-Hew - -1 2 P _C;_‘.
T

1 3 =4
g S’a
ros Q) 2
s -4
be 2

SowvNon T THE DIFFEREVNAL EQUATION

-3x < Ex .
c,& s (Zx)ice swidx)
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Now WE WILL RETURN To THE EXNPLE THAT NOTIVATED ALL OF THIS IN
THE FIRST PLACE .

2000000000 R .5 i
R
EQUILIBMIVN OI1SPLACENENT
Ar Tine L
—
X))
dix dx
fMAsSS NO EXTERIVAL PPPLIED FORCES
CPOSITIVE ) DANPING
CONSTANT
¢<c % 0)
SPRING
ConvsTANT
(POSITIVE )
X(o) =

INITIAL DISPL ACENENT FRON EQUILIBRILUN

x'w)

IITIAL VELoczry



H,

FIRST SUPPOSE THWAT C = O ¢ NO DANPING, I.E., FRICTIONLESS PLBME’

No ATNOSPHERE , ETC. )

2
X
m ga-—: + &X = 0
CHARACTERISTIC EQRUANION .
mer + B =0
&
l"l' S " m
- PN

SoLuTIoN .
X&) =

c, cos,/—%_d: +C, swf;f- £

INTRODUCE
w, = }% = NATURAL FREQUENCY

OF TWE SYSTEN

Ak) = ¢, cos w i + czsm«.abi.

C, AND C, ARE DETERMVED FRoN THE I0IMAL CoNDINONS .

A NORE CONVENIENT whAY ofF WRITING THE SOLUVTION :

X)) = R ecos (w,-§)

wHERE R 1S THE ANPLITUDE oF THE VIBRATION AND § 1S THE

PHASE SHIFT .,




/5
HERE 1S How T> DETERMVE R Ano § :

X&) = Reostwy, £ -§)
= Reos w,L cos§ + Rsww, 4 siv$
Z (ReosS)cosw, £ + (?s:uS_)smwoi
AvVD
X)) = ¢, cosw,t + c, simvw, £

INPLY THAT wE NuST HAVE
c¢,= Res § AND  C, = Rsm$
THS INPLIES
r} 1 ]
cltc, = R'ews's + R'sw'S
= R® (cog'S + sw'§ )
T

= R

So, TXING R T BE PosITIVE |

veriel

R

NOW THAT wWE KMow C, ,C, AND R, FINDING § 15 JUST TRIGONONETRY *

c, Cz
= — ] z —
cos § A AvD Siv § =

 (OF counsE, § 1S DETERNINED omLy LP TO AULNPLES OF 2T )



FReon
X€) = Recos (w,o4-85)

THE CHARACTERISTICS OF THME NOTNION IN THIS CASE ARE CLEAR :

PERIODIC wITH PERIOP

m
31:41141— .

“%

NAXINAL DISPLACENENT FrRon EQuILIgRiun R,

Now wE'LL ADD DANPING , 1.E., TAKE C > O

]
mi«lﬁ +¢,5I-’—‘- 437( =0

d4

CHARACTERISTIC EQUATION

mr"-lcr*'“‘D

-C _f\/c‘-‘-im.é |

r= 2m

WE wILL CONSIDER THREE CASES .,

1, C"-‘Imﬁ >0 , L.E., C>a/mfk

2 ct-4m&k =0 , I.E, C = aVym4

7.6, 0 <c <« Wmk

3. C-l' ‘-Im—& <0 )

/6,



1 ct-umhk » 0 TERE ARE TWo DisINCT, NEGANIVE SoLuTIONS

-C ""ch-‘lm4 ~-C - VC"-‘lmﬂ
f" - 2m ANVD rl- 2 2m
So ' ri i

Xit) = ¢, e tec,e

nomnoN 1S NVOT OSCILLATORY

: INITIRL DISPLACENEMT oF

ArvD
X)) = o as £t —>o .

THF SysTEn 1S SmD To BE OVERDANPED C o NLCH DANPING

T PERMIT OSCILLATION ).

IF cl.ymbB = O, ™EN THERE 1S ONE NEGATIVE SoLUTION

C = = am

am
So -t Jam -ct/am
xt) = ¢,& +c,te
ct/am
= te,dc,k)e
nonow s

SINLAR TO THE LAST CASE . ININAL DISPLACENENT

OF X(o) = ¢c, AvD XW) —> 0 As £ 90, THE SYsTEn 1S
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SAD T0 BE CRITICALLY DANPED CC=2'mk 15 sTiL O

NUCH DANPING TO PERMIT o.s'cnu.ﬂ'nams" Bur, As WE will
Now SHow , IT 1S "on THE EpcE "' Inv THE SENSE THAT ANY

DECREASE v C witL GIVE OSCILLATORY SOLLTIONS )

FINALLY | SUPPOSE c - 4mhk < © So AT THE SoLuTIONS ARE

ConPLEX
- = + ...__.____W L = o ,1:(34'
m am
v
THUS vt o
At):= C e cos(!i. +c,e swpk

wi
= ¢c, CoSF}w + QLSlN(St)e

= R cos (Fi’S)C"L

Now TME NoTNoN 15 INDEED, OSCILLATORY (N6T PERIODIC ) AnD
“DANPS oUT = (X)) =0 ) AS £ > >,

X

L
P

THINGS GET NOoRe INTERESTING WMHEN THERE ARE AlLSo EXTERNAL APPLIED

FoRCES, BUT THIS will. HAVE TO WAIT



