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Introduction

Minkowski spacetime is generally regarded as the ap-
propriate mathematical context within which to for-
mulate those laws of physics that do not refer specif-
ically to gravitational phenomena. Here we shall de-
scribe this context in rigorous terms, postulate what
experience has shown to be its correct physical in-
terpretation, and illustrate by means of examples its
appropriateness for the formulation of physical laws.

Minkowski Spacetime and the
Lorentz Group
Minkowski spacetime M is a 4-dimensional real
vector space on which is defined a bilinear form g :
MxM — R that is symmetric (g(v,w) = g(w,v)
for all v,w € M), nondegenerate (g(v,w) = 0 for
all w € M implies v = 0) and of index 1 (there exists
a basis { e; ,ey,e5,¢, } for M with
1 ifa=b=123
-1 fa=b=4 ).
0 ifa#d

g(ea7€b): Nap =

g is called a Lorentz inner product for M and any
basis of the type just described is an orthonormal
basis for M. We shall often write v-w for the value
g(v,w) of g on (v,w) € M x M. A vector v e M
is said to be spacelike, timelike, or null if v - v is
positive, negative, or zero, respectively, and the set
Cy of all null vectors is called the null cone in M.

If {e;,e5,e5,e,} is an orthonormal basis and if we
write v = vle; + v2ey + vie; + vie, = v, (using the
Einstein summation convention, according to which
a repeated index, one subscript and one superscript,
is summed over its possible values) and w = wbeb,
then
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In particular, v is null if and only if

(o) = (v")" + (v)" + (*)°

(hence the name null “cone” for C)y ). Timelike vec-
tors are “inside” the null cone and spacelike vectors
are “outside”.

(Figure 1 here)

We select some orientation for the vector space M
and will henceforth consider only oriented, orthonor-
mal bases for M. From the Schwartz Inequality for
IR3 one can show (Theorem 1.3.1, [3]) that, if v is
timelike and w is either timelike or null and nonzero,
then v - w < 0 if and only if v*w* > 0 in any or-
thonormal basis. In particular, one can define an
equivalence relation on the set of all timelike vectors
by decreeing that two such, v and w, are equivalent
if and only if v - w < 0. For reasons that will emerge
shortly we then say that v and w have the same time
orientation. There are precisely two equivalence
classes, one of which we select and designate future
directed. Timelike vectors in the other class are
then called past directed. One can show (Section
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1.3 and Corollary 1.4.5, [3]) that this classification
can be extended to nonzero null vectors as well (but
not to spacelike vectors). We will call an oriented, or-
thonormal basis time oriented if its timelike vector
e, is future directed and will consider only these in
what follows. An oriented, time oriented, orthonor-
mal basis for M will be called an admissible basis.
If {e;,e5,e5,e,} and {€é;,6,,65,¢é,} are two such
bases and if we write

eb = Alb él + A2b é2 + A3b ég + A4b é4

= A%é,, b=1,234,

a’

then the matrix A = (A% ) (¢ = row index, b =
column index ) can be shown to satisfy the following
three conditions (Section 1.3, [3]).

1. (Orthogonality) ATnA =

where T' means transpose and

1 0 0 0

1 0 0

=)= o o 1 o

0 0 0 -1

2. (Orientability) detA = 1.

3. (Time Orientability) A%, > 1.

We shall refer to any 4 x 4 matrix A = (A%,) sat-
isfying these three conditions as a Lorentz trans-
formation (although one often sees the adjectives
proper and orthochronous appended to empha-
size conditions #2 and #3, respectively). The set £
of all such matrices forms a group under matrix mul-
tiplication that we call simply the Lorentz group.
It is a simple matter to show (Lemma 1.3.4, [3]) from
the orthogonality condition #1 that, if A*; = 1, then
A must be of the form

(£)

_ o O O

0 0 0

where (R';) is an element of SO(3), i.e., a 3 x 3 or-
thogonal matrix with determinant 1. The set R of

all matrices of this form is a subgroup of £ called the
rotation subgroup. Although it will play no role
in what we do here, it should be pointed out that in
many applications (e.g., in particle physics) it is nec-
essary to consider the larger group of transformations
of M generated by the Lorentz group and spacetime
translations (2% — z%+ A%, for some constants A%,
a = 1,2,3,4). This is called the inhomogeneous
Lorentz group, or Poincaré group.

Physical Interpretation

For the purpose of describing how one is to think of
Minkowski spacetime and the Lorentz group physi-
cally it will be convenient to distinguish (intuitively
and terminologically, if not mathematically) between
a “vector” in M and a “point” in M (the “tip” of
a vector). The points in M are called events and
are to be thought of as actual physical occurrences,
albeit idealized as “point-events” which have no spa-
tial extension and no duration. One might picture,
for example, an instantaneous collision, or explosion,
or an “instant” in the history of some point material
particle or photon (“particle of light”).

Events are observed and identified by the assign-
ment of coordinates. We will be interested in coordi-
nates assigned in a very particular way by a very
particular type of observer. Specifically, our ad-
missible observers preside over three-dimensional,
right-handed, Cartesian spatial coordinate systems,
relative to which photons always move along straight
lines in any direction. With a single clock located
at the origin, such an observer can determine the
speed c¢ of light in vacuo by the so-called Fizeau
procedure (emit a photon from the origin when the

clock there reads t;, bounce it back from a mirror

located at (z',z?,2%), receive the photon at the

origin again when the clock there reads ¢, and set
c=2y/(2")2 + (22)2 +(23)2 /(t, —t;)). Now
place an identical clock at each spatial point and syn-
chronize them by emitting from the origin a spheri-
cal electromagnetic wave (photons in all directions)

and setting the clock whose location is (!, 2%, 23)

to read /(21)2 + (22)2 + (23)2 /¢ at the instant
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the wave arrives. An observer now assigns to an event
the three spatial coordinates of the location at which
it occurred in his coordinate system as well as the
time reading on the clock at that location at the in-
stant the event occurred. We shall assume also that
our admissible observers are inertial in the sense of
Newtonian mechanics (the trajectory of a particle on
which no forces act, when described in terms of the
coordinates just introduced, is a point or a straight
line traversed at constant speed). It is an experimen-
tal fact (and quite a remarkable one) that all of these
admissible observers (whether or not they are in rela-
tive motion) agree on the numerical value of the speed
of light in vacuo (¢~ 3.00x 10*° cm /sec). We shall
exploit this fact at the outset to have all of our ad-
missible observers measure time in units of distance
by simply multiplying their time coordinates ¢ by c.
The resulting time coordinate is denoted z* = ct. In
these units all speeds are dimensionless and the speed
of light in vacuo is 1.

In our mathematical model M of the world of
events this very subtle and complex notion of an
admissible observer is fully identified with the con-
ceptually very simple notion of an admissible basis
{e1,e5,e3,e,}. If v € M is an event and if we
write x = x%e¢,, then (z!,z?,2) are the spatial
and z* is the time coordinate supplied z by the cor-
responding observer. If {é;,é,,é;5,é,} is another
basis/observer related to {e; ,e,,e5,€e4 } by (1) and
if we write z = 2% ¢, , then

sa . Aa b

T LT a=1,2,3,4. (2)

Thus, Lorentz transformations relate the space and
time coordinates supplied any given event by two ad-
missible observers. If (A% ) € R, then the two ob-
servers differ only in the orientation of their spatial
coordinate axes. On the other hand, for any real
number 6 one can define an element L(6) of £ by

coshf 0 O —sinhé
0 1 0 0
L(o)= 0 0 1 0 ®)
—sinhd 0 O cosh 6

and, if two admissible bases are related by this

Lorentz transformation, then the coordinate trans-
formation (2) becomes

>
I

= (coshf#)z! — (sinh@)z*
2

. : Y

' = —(sinh@)z* 4+ ( cosh@)z*

>
[}
I

w

Letting 8 = tanh 6 (so that —1 < 8 < 1) and sup-

3 one obtains

_ 1 1B 4
S ViiE L JinE

a__ B 1 1

T = #—ﬁQz + #—ﬂQw

This corresponds to two observers whose spatial axes
are oriented as shown in Figure 2 with the hatted
coordinate system moving along the common z!-,
#! - axis with speed | 8], to the right if 3 > 0 and to
the left if g < 0.

pressing 2 = 22 and % =«
gAjl

()

4

(Figure 2 here)

We remark that, reverting to traditional time units,
B = %, where | v| is the relative speed of the two co-
ordinate systems, and (5) becomes what is generally
referred to as a “Lorentz transformation” in elemen-
tary expositions of special relativity, i.e.,

1

1 x- — vt
= ———
V1—v2/c?
(6)
A tfc%xl
t =

V1—02/c?

There is a sense in which, to understand the kine-
matic effects of special relativity, it is enough to
restrict one’s attention to the so-called special
Lorentz transformations L(6). Specifically, one
can show (Theorem 1.3.5, [3]) that if A € L is
any Lorentz transformation, then there exists a real
number 6 and two rotations R;, R, € R such that
A =R, L(#)R,. Since Ry and R, involve no relative
motion, all of the kinematics is contained in L(6).
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We shall explore these kinematic effects in more de-
tail shortly.

Now suppose that = and z, are two distinct events
in M and consider the displacement vector z — x
from z, to = If {e;,ey,e5,e,} is an admissible
basis and if we write = 2% e, and z, = z e, , then

a

x—x5= (2% —xy)e, = Az%e,. If x —x, is null,

then
(Az')” + (A22)? + (A2®)® = (Azt)?

so the spatial separation of the two events is equal
to the distance light would travel during the time
lapse between the events. The same must be true in
any other admissible basis since Lorentz transforma-
tions are the matrices of linear maps that preserve
the Lorentz inner product. Consequently, all admis-
sible observers agree that z, and z are “connectible
by a photon”. They even agree as to which of the
two events is to be regarded as the “emission” of the
photon and which is to be regarded as its “reception”
since one can show ( Theorem 1.3.3, [3]) that, when a
vector is either timelike or null and nonzero, the sign
of its fourth coordinate is the same in every admissi-
ble basis ( because A*, > 1). Thus, z* — zj is either
positive for all admissible observers (z, occurred be-
fore x) or negative for all admissible observers ( z,
occurred after z ). Since photons move along straight
lines in admissible coordinate systems we adopt the
following terminology. If z,,z € M are such that
x —x, is null, then the straight line in M containing
z, and z is called the worldline of a photon in M
and is to be thought of as the set of all events in the
history of some particle of light that “experiences”
both z, and z.

Let us now suppose instead that x —z is timelike.
Then, in any admissible basis,

(Ax1)2 + (Aw2)2 + (Aaz3)2 < (Ax4)2

so the spatial separation of z, and x is less than
the distance light would travel during the time lapse
between the events. In this case one can prove
(Section 1.4, [3]) that there exists an admissible ba-
sis {€;,65,€5,¢, } in which Az! = A#? = A% =0,

i.e., there is an admissible observer for whom the

two events occur at the same spatial location, one
after the other. Thinking of this location as occupied
by some material object (e.g., the observer’s clock
situated at that point) we find that the events z
and z are both “experienced” by this material par-

ticle and that, moreover, /|g(z— 1z, — )|
is just the time lapse between the events recorded
by a clock carried along by this material particle.
To any other admissible observer this material
particle appears “free” (not subject to forces)
because it moves on a straight line with constant
speed. This leads us to the following definitions. If
Zo,x € M are such that x — z, is timelike, then the
straight line in M containing x, and z is called the
worldline of a free material particle in M and

Vi0g(lz—xzy, z— )|, usually written 7 (z—z),
or simply Ar, is the proper time separation of
zy and x. One can think of 7(z — x,) as a sort
of “length” for x — z, measured, however, by a
clock carried along by a free material particle that
experiences both z, and x. It is an odd sort of
length, however, since it satisfies not the usual tri-
angle inequality, but the following “reversed” version.

Reversed Triangle Inequality (Theorem 1.4.2,
[B]): Let zy, = and y be events in M for which
y—x andx —x, are timelike with the same time
orientation. Theny —xy = (y—z)+ (z —xy) is
timelike and

Fy-2) = T(y—a)+r(z-2) (7)
with equality holding if and only if y — x and z — =z,
are linearly dependent.

The sense of the inequality in (7) has interesting
consequences about which we will have more to say
shortly.

Finally, let us suppose that x — x, is spacelike.
Then, in any admissible basis

(Ax')? + (A2?) + (A2®)? > (At)?

so the spatial separation of x, and x is greater than
the distance light could travel during the time lapse
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that separates them.. There is clearly no admissi-
ble observer for whom the events occur at the same
location. No free material particle (or even photon)
can experience both x, and x. However, one can
show (Section 1.5, [3]) that, given any real number
T (positive, negative, or zero), one can find an ad-
missible basis {é;,é,,é5,é,} in which Az* = T.
Some admissible observers will judge the events si-
multaneous, some will assert that z, occurred before
x, and others will reverse the order. Temporal order,
cause and effect, have no meaning for such pairs of
events. For those admissible observers for whom the

events are simultaneous (AZ* = 0), the quantity

Vg(z—1zy,z—1zy) is the distance between them
and for this reason this quantity is called the proper
spatial separation of z;, and x (whenever  — z,
is spacelike).

For any two events zj,x € M, glx — Ty, T —
T,) is given in any admissible basis by (Az!)? +
(Az?)? + (Az3)%2— (Ax?)? and is called the inter-
val separating x, and z. It is the closest analogue
in Minkowskian geometry to the (squared) length in
Euclidean geometry. It can, however, assume any
real value depending on the physical relationship be-
tween the events x, and x. Historically, of course, it
was the various physical interpretations of this inter-
val that we have just described which led Minkowski
[2] to the introduction of the structure that bears his
name.

Kinematic Effects

All of the well-known kinematic effects of special rel-
ativity (the addition of velocities formula, the relativ-
ity of simultaneity, time dilation and length contrac-
tion) follow easily from what we have done. Because
it eases visualization and because, as we mentioned
earlier, it suffices to do so, we will limit our discussion
to the special Lorentz transformations.

Let 6, and 6, be two real numbers and consider
the corresponding elements L(6,) and L(6,) of £
defined by (3). Sum formulas for sinh# and cosh@
imply that L(6;)L(6,) = L(6; + 6,). Defining
B; = tanhd,, ¢ = 1,2, and 8 = tanh (6, +6,), the

sum formula for tanh # then gives

5= Bi+ By

1+ 8,5, ®)

The physical interpretation is simple. One has three
admissible observers whose spatial axes are related
in the manner shown in Figure 2. If the speed of the
second relative to the first is 3, and the speed of the
third relative to the second is 3, , then the speed of
the third relative to the first is not 8; + B, as one’s
Newtonian predisposition would lead one to expect,
but rather 3, given by (8). This is the relativistic
addition of velocities formula.

We have seen already that, when the interval be-
tween x, and x is spacelike, the events will be judged
simultaneous by some admissible observers, but not
by others. Indeed, if Az* = 0 and the observers are

related by (5), then Az* = — \/1’8_? Azl = -3 Azt
which will not be zero unless § = 0 and so there is
no relative motion (AZ' cannot be zero since then
Az* =0 for a = 1,2,3,4 and = = ;). This phe-
nomenon is called the relativity of simultaneity
and we now construct a simple geometrical represen-
tation of it.

Select two perpendicular lines in the plane to rep-
resent the 2! - and z* - axes (the Euclidean orthogo-
nality of the lines has no physical significance and is
unnecessary, but makes the pictures easier to draw).
The 2! - axis will be represented by the straight line
#* = 0 which, from (5), is given by z* = Ba! (in
Figure 3 we have assumed that § > 0). Similarly,

the #%-axis is identified with the line z* = %xl.

Since Lorentz transformations leave the Lorentz inner
product invariant, the hyperbolas (! )% —(2%)? =k
coincide with (2! )?—(4*)? = k and we calibrate the
axes accordingly, e.g., the branch of (z1)? —(z%)? =
1 with ! > 0 intersects the z'-axis at the point
(z1,2%) = (1,0) and intersects the #!-axis at the
point (#1,#%) = (1,0). This necessitates a differ-
ent scale on the hatted and unhatted axes, but one
can show (Section 1.3, [3]) that, with this calibra-
tion, all coordinates can be obtained geometrically
by projecting parallel to the opposite axis (e.g., the

z*- and 2%- coordinates of an event result from pro-
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jecting parallel to the ! - and #! - axes, respectively).
(Figure 3 here)

Thus, a line of simultaneity in the hatted (respec-
tively, unhatted) coordinates is parallel to the 3!-
(respectively, z!-) axis so that, in general, a pair of
events lying on one will not lie on the other (note,
however, that these lines are “really” 3-dimensional
hyperplanes so what appears to be a point of intersec-
tion is actually a 2-dimensional “plane of agreement”
any two events in which are judged simultaneous by
both observers).

For any two events whatsoever the relationship be-
tween the time lapse AZ? in the hatted coordinates
and the time lapse Az* in the unhatted coordinates
is, from (5),

3 1

- Az' + —— A2?

Jiop N e

so the two are generally not equal. Consider, in par-
ticular, two events on the worldline of a point at rest
in the unhatted coordinate system, e.g., two readings
on the clock at rest at the origin in this sytem. Then
Azl =0so0

Azt =

1

N

This effect is entirely symmetrical since, if Azl = 0,
then (5) implies

Azt = Azt > Azt .

1

N

Each observer judges the other’s clocks to be running
slow. This phenomenon is called time dilation and
is clearly visible in the spacetime diagram in Figure
4 (e.g., both observers agree on the time reading “0”
for the clock at the origin of the unhatted system, but
the line #* = 1 intersects the worldline of the clock,
i.e., the z* - axis, at a point below (z!,2%) = (0,1)).

Azt = Azt > Azt

(Figure 4 here)

We should emphasize that this phenomenon is quite
“real” in the physical sense. For example, certain
types of elementary particles (mesons) found in cos-
mic radiation are so short-lived (at rest) that, even
if they could travel at the speed of light, the time
required to traverse our atmosphere would be some
ten times their normal life span. They should not be
able to reach the earth, but they do. Time dilation
“keeps them young” in the sense that what seems a
normal life time to the meson appears much longer
to us.

Finally, since admissible observers generally dis-
agree on which events are simultaneous and since the
only way to measure the “length” of a moving ob-
ject (say, a measuring rod) is to locate its endpoints
“simultaneously”, it should come as no surprize that
length, like simultaneity, and time, depends on the
admissible observer measuring it. Specifically, let us
consider a measuring rod lying at rest along the £ -
axis of the hatted coordinate system. Its “length” in
this coordinate system is Az'. The worldlines of its
endpoints are two straight lines parallel to the &*-
axis. If the unhatted observer locates two events on
these worldlines “simultaneously” their coordinates
will satisfy Ax* = 0and, by (5) Az! = \/1%7 Ax!

SO
Azt = /1 -2 Azt < Azt

and the moving measuring rod appears contracted in

its direction of motion by a factor of /1 — 32 . As

for time dilation, this phenomenon, known as length

contraction, is entirely symmetrical, quite real, and

clearly visible in a spacetime diagram (Figure 5).

(Figure 5 here)

The Relativity Principle

We have found that admissible observers can dis-
agree about some rather startling things (whether
or not two events are simultaneous, the time lapse
between two events even when no one thinks they
are simultaneous, and the length of a measuring
rod). This would be a matter of no concern at
all, of course, if one could determine, in any given
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situation, who was really right. Surely two events
are either simultaneous or they are not and we need
only sort out which admissible observer has the
correct view of the situation? Unfortunately (or
fortunately, depending on one’s point-of-view) this
distinction between the judgements made by different
admissible observers is precisely what physics forbids.

The Relativity Principle ([2]): All admissible
observers are completely equivalent for the formula-
tion of the laws of physics.

We must be clear that this is not a mathematical
statement. It is rather a statement about the physi-
cal world around us and how it should be described,
gleaned from observations, some of which are com-
plex and subtle and some of which are commonplace
(a passenger in a smooth, quiet airplane travelling at
constant groundspeed cannot “feel” his motion rel-
ative to the earth). It is a powerful guide for con-
structing the laws of relativistic physics, but even
more fundamentally it prohibits us from regarding
any particular admissible observer as having a privi-
leged view of the universe. In particular, we are for-
bidden from attaching any objective significance to
such questions as, “were the two supernovae simul-
taneous?”, “How long did the meson survive?”, and
“What is the distance between the Crab Nubula and
Alpha Centauri?” This is severe, but one must deal
with it.

Particles and 4-Momentum

If I C R is an interval, then a map o : [ — M is
a curve in M. Relative to any admissible basis we
can write

a(g)=a(&)e,
for each £ € I. We shall assume that « is smooth in
the sense that each z°(€), a = 1,2, 3,4, is infinitely
differentiable (C°°) on I and the velocity vector
dx®

o/ (&)= g e

is nonzero for every £ € I (we adopt the usual cus-
tom, in a vector space, of identifying the tangent

space at each point with the vector space itself).
This definition of smoothness clearly does not de-
pend on the choice of admissible basis for M. The
curve « is said to be spacelike, timelike, or null
if o/ (£) -/ (&) =m, %a % is positive, negative,
or zero, respectively, for each £ € I. A timelike
curve « for which o' () is future directed for each
¢ € 1 is called a timelike worldline and its image
is identified with the set of all events in the history of
some (not necessarily free) point material particle. If
I=[&,& ] and a: [, & ] — Mis a timelike world-

line, then the proper time length of « is defined
by

31
Loy = [ \Tg (e (©), or(€))] de

/51
&

and interpreted as the time lapse between the events
a (&) and a (&) as recorded by a clock carried
along by the particle whose worldline is «. This
interpretation is easily motivated by writing out a
Riemann sum approximation to the integral and
appealing to our interpretation of the proper time
separation AT = / — 5, Az® Az .
subtleties, however, both mathematical and physical
(Section 1.4, [3]). The mathematical ones are
addressed by the following result (which combines
Theorems 1.4.6 and 1.4.8, [3] ).

e de?
b "gg dg

There are

Theorem: Letz, andx be two events in M. Then
x —x, is timelike and future directed if and only if
there exists a timelike worldline o : [£y,&,] — M in
M with a (&) = z, and a (&) = x and, in this
case,

L(a) <7(z =)

(9)

with equality holding if and only if « is a
parametrization of a timelike straight line.

The inequality (9) asserts that if two material par-
ticles experience both x; and x, then the one that
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is free (and so can be regarded as at rest in some
admissible coordinate system) has longer to wait for
the occurrence of the second event (moving clocks run
slow). For many years this basically obvious fact was
christened “The Twin Paradox”.

Just as a smooth curve in Euclidean space has an
arc length parametrization, so a timelike worldline
has a proper time parametrization defined as fol-
lows. For each & in [&,, & ] let

3
r=r(&)= [ sl (O 0 ()1 ac

(the proper time length of o from a (&) to o (&)).
Then 7 = 7 (&) has a smooth inverse £ = £(7) so
« can be reparametrized by 7. We will abuse our

notation slightly and write

The velocity vector with this parametrization is de-
noted d®
x
U=U(1t)= —e,,
()= T,

called the 4-velocity of the worldline and is the unit

tangent vector field to «, i.e.,
U(r) - U(r)=-1 (10)

for each 7. An admissible observer is, of course,

more likely to parametrize a worldline by his own
time coordinate z*. Then

14 dz? dx? dxz3
oz(x): W€1+@€2+w63+64
SO .
lg (o (2*), a' (a*))| =1 - |V|?
where

— dzt > dz?\* dz3\?
Vi = —_— - =
is the usual magnitude of the particle’s velocity vector

dx! dz? dz? ;
= @61+%62+@63:V€i

V=V(z*)

in the given admissible coordinate system. One finds
then that

U= (1— ||17\|2)_% (17+e4).

We shall identify a material particle in M with
a pair (a,m), where « is a timelike worldline and
m is a positive constant called the particle’s proper

If each 4, 0 =1,2,3.4, is
constant, then («,m) is a free material particle
with proper mass m. The 4-momentum of («,m)

is defined by P = mU. Thus,

(11)

mass (or rest mass).

P.-P=-m?. (12)
In any admissible basis we write
d a
P=Ple, =mU%, =m dlea
" (13)

_1
—m (1= 7)) 7 (V4 e).
The “spatial part” of P in these coordinates is
p—= —m Yy which, for VI < 1, is approx-
AR 1V pp
imately m V. Identifying m with the inertial mass
of Newtonian mechanics (measured by an observer
for whom the particle’s speed is small), this is simply
the classical momentum of the particle. Somewhat
more explicitly, if one expands L by the

Vi- V2
Binomial Theorem one finds that
m

Pl ———— V!
J1— V2
1 -
:mW+§mVWVW+~Wi:LZ&

which gives the components of the classical momen-
tum plus “relativistic corrections”. In order to pre-
serve a formal similarity with Newtonian mechanics
one often sees n referred to as the “rela-

Vi-[I V|2
tivistic mass” of the particle, but we shall avoid this
terminology. The fourth component of P is given by

P'=_—P ¢,

m 1 -
= :m+§m||VH2+-~~ .

V1=V

(15)
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The appearance of the term 3 m || V||2 correspond-
ing to the Newtonian kinetic energy suggests that P*
be denoted E and called the total relativistic en-
ergy measured by the given admissible observer for
the particle.

E=—-P e, . (16)
Now, one must understand that the concept of “en-
ergy” in physics is a subtle one and simply giving
—P - e, this name does not ensure that there is any
physical content. Whether or not the name is ap-
propriate can only be determined experimentally. In
particular, one should ask if the appearance of the
term m in (15) is consistent with the view that P*
represents the “energy” of the particle. Observe that
if |V =0 (ie., if the particle is at rest relative to
the given observer), then (15) gives

E=m( =mc®, in standard units ), (17)
which we interpret as saying that, even when the par-
ticle is at rest, it still has energy. If this is really “en-
ergy” in the physical sense, then it should be possible
to liberate and use it. That this is, indeed, possi-
ble has, of course, been rather convincingly demon-
strated.

Next we observe that not only material particles,
but also photons possess “momentum” and “energy”
and therefore should have 4-momentum (witness, for
example, the photoelectric effect in which photons
collide with and eject electrons from their orbits in
an atom). Unlike a material particle, however, a pho-
ton’s characteristic feature is not proper mass, but
frequency v, or wavelength \ = %, related to its
energy & by £ = hv (h being Planck’s constant) and
these are highly observer dependent (Doppler effect).
There is, moreover, no “proper frequency” analogous
to “proper mass” since there is no admissible observer
for whom the photon is at rest. In an attempt to
model these features we consider a point z, € M, a
future directed null vector N and an interval I C IR.
The curve o : I — M defined by

a(§)=uo +EN (18)

is a parametrization of the worldline of a photon
through z,. Being null, N can be written in any
admissible basis as

N:(—N-e4)<af+e4>, (19)
where
d=|(N-¢,)’+(N-ey)”
<+(]V-e3)2]7% {(ZV-el)el (20)

+(N'€2)62+(N'63)63}

is the direction vector of the worldline in the corre-
sponding spatial coordinate system. Now, by analogy
with (16), we define a photon in M to be a curve in
M of the form (18), take N to be its 4-momentum
and define the energy £ of the photon in the admis-
sible basis { e ,e5,€5,€4 } by

E=—-N -¢,. (21)

Then, by (19),

N=¢(d+e). (22)

The corresponding frequency v and wavelength A
are then defined by v = £/h and A = 1/v. In another

admissible basis one has N = £(d+¢, ), where d and
& are defined by the hatted versions of (20) and (21).
One can then show (Section 1.8, [3]) that

1— /3 cosf
Vi

(1—50089)4—%52(1—/80050)4—---,

™| s

R

(23)

where ( is the relative speed of the two spatial co-
ordinate systems and 6 is the angle (in the unhatted
spatial coordinate system) between the direction d of
the photon and the direction of motion of the hatted
spatial coordinate system. Equation (23) is the for-
mula for the relativistic Doppler effect with the
first term in the series being the classical formula.
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We conclude this section by examining a few sim-
ple interactions between particles of the sort modelled
by our definitions, assuming only that 4-momentum
is conserved in the interaction. For convenience, we
will use the term free particle to refer to either a free
material particle or a photon. If A is a finite set of
free particles, then each element of A has a unique 4-
momentum which is a future directed timelike or null
vector. The sum of any such collection of vectors is
timelike and future directed except when all of the
vectors are null and parallel, in which case the sum
is null and future directed (Lemma 1.4.3, [3]). This
sum we call the total 4-momentum of A. Now we
formulate a definition which is intended to model a
finite set of free particles colliding at some event with
a (perhaps new) set of free particles emerging from
the collision (e.g., an electron and proton collide, with
a neutron and neutrino emerging from the collision).
A contact interaction in M is a triple (A, x, A ),
where A and A are two finite sets of free parti-
cles, neither of which contains a pair of particles with
linearly dependent 4-momenta (which would presum-
ably be physically indistinguishable) and x € M is
an event such that

1. z is the terminal point of all of the particles in
A (i.e., for each worldline o : [§,,& ] = M of a
particle in A, a(& ) =1),

2. x is the initial point of all the particles in A,
and

3. the total 4-momentum of A equals the total 4-
momentum of A.

Properly #3 is called the conservation of 4-
momentum. If A consists of a single free particle,
then (A, z, A) is called a decay (e.g., a neutron de-
cays into a proton, an electron and an antineutrino).

Consider, for example, an interaction (A, z,.A) for
which A consists of a single photon. The total 4-
momentum of A is null so the same must be true
of A. Since the 4-momenta of the individual par-
ticles in A are timelike or null and future directed
their sum can be null only if they are, in fact, all
null and parallel. Since A cannot contain distinct
photons with parallel 4-momenta, it must consist of

a single photon which, by #3, must have the same
4-momentum as the photon in A. In essence, “noth-
ing happened at z”. We conclude that no nontrivial
interaction of the type modelled by our definition can
result in a single photon and nothing else. Reversing
the roles of A and A shows that, if 4-momentum is
to be conserved, a photon cannot decay.

Next let us consider the decay of a single material
particle into two material particles, e.g., the sponta-
neous disintegration of an atom through a-emission.
Thus, we consider a contact interaction (A4, z, A) in
which A consists of a single free material particle of
proper mass m, and A consists of two free mate-
rial particles with proper masses m; and m,. Let
Py, P, and P, be the 4-momenta of the particles of
proper mass mg, m; and m,, respectively. Then
Py = P, + P,. Appealing to the Reversed Triangle
Inequality, the fact that P, and P, are linearly in-
dependent and future directed, and (12) we conclude
that

my > my + my . (23)
The excess mass m, —( m;+m, ) of the initial particle
is regarded, via (17), as a measure of the amount of
energy required to split m, into two pieces. Stated

somewhat differently, when the two particles in A
were held together to form the single particle in A ,
the “binding energy” contributed to the mass of this
latter particle.

Reversing the roles of A and A in the last ex-
ample gives a contact interaction modelling an in-
elastic collision (two free material particles with
masses m; and m, collide and coalesce to form a
third of mass m ). The inequality (23) remains true,
of course, and a somewhat more detailed analysis
(Section 1.8, [3]) yields an approximate formula for
mg — (mq+my ) which can be compared (favorably)
with the Newtonian formula for the loss in kinetic
energy that results from the collision (energy which,
classically, is viewed as taking the form of heat in the
combined particle). An analysis of the interaction in
which both A and A consist of an electron and a
photon yields (Section 1.8, [3]) a formula for the so-
called Compton effect. Many more such examples
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of this sort are treated in great detail in Chapter VI,
§ 14 of [6].

Charged Particles and Electro-
magnetic Fields

A charged particle in M is a triple («a,m,q),
where (a,m) is a material particle and ¢ is a
nonzero real number called the charge of the parti-
cle. Charged particles do two things of interest to us.
By their very presence they create electromagnetic
fields and they also respond to the electromagnetic
fields created by other charges.

Charged particles “respond” to an electromagnetic
field by experiencing changes in 4-momentum. The
quantitative nature of this response, i.e., the equa-
tion of motion, is generally taken to be the so-called
Lorentz 4-Force Law which expresses the proper
time rate of change of the particle’s 4-momentum at
each point of the worldline as a linear function of the
4-velocity. Thus, at each point o 7) of the worldline

dP(T)

dr 24)

=l (U(7))

where F

a(T
determined, in each admissible coordinate system, by
the classical electric £ and magnetic B fields (here
we are assuming that the contribution of ¢ to the am-
bient electromagnetic field is negligible, i.e., (a,m,q)
is a “test charge”). Let us write (24) more simply as

) M — M is a linear transformation

- m dU
F = — —.
() =27 (25)
Dotting both sides of (25) with U gives
~ m dU m d
F U=="".77==—= .
(v)-u q dr u 2da(U v)
m d
_%E(—l)_o.

Since any future directed timelike unit vector u is
the 4-velocity of some charged particle, we find that
F(u)-u = 0 for any such vector. Linearity then

implies F'(v )-v = 0 for any timelike vector. Now, if u
and v are timelike and future directed, then v+ v is
timelike s0 0 = F(u+v)-(u4v) = F(u)-v+u-F(v)
and therefore F(u)-v = —u-F(v). But M has a
basis of future directed timelike vectors so

(26)

for all z,y € M. Thus, at each point, the linear
transformation F must be skew-symmetric with re-
spect to the Lorentz inner product. One could there-
fore model an electromagnetic field on M by an as-
signment to each point of a skew-symmetric linear
transformation whose job it is to assign to the 4-
velocity of a charged particle whose worldline passes
through that point the change in 4-momentum that
the particle should expect to experience because of
the presence of the field. However, a slightly different
perspective has proved more convenient. Notice that
a skew-symmetric linear transformation F : M — M
and the Lorentz inner product together determine a
bilinear form F': M x M — IR given by

F(z,y)=F(xz) y

which is also skew-symmetric ( F(y,z) = F(y)-z =
—F(z,y)) and that, conversely, a skew-symmetric
bilinear form uniquely determines a skew-symmetric
linear transformation. Now, an assignment of a skew-
symmetric bilinear form to each point of M is noth-
ing other than a 2-form on M and it is in the lan-
guage of forms that we choose to phrase classical elec-
tromagnetic theory (a concise introduction to this
language is available, for example, in Chapter 4 of
[5]).

Nature imposes a certain restriction on which 2-
forms can reasonably represent an electromagnetic
field on M (“Maxwell’s equations”). To formulate
these we introduce a source 1-form J as follows: If
xb, 22 23, 2% is any admissible coordinate system on
M, then

J = Jyda' + Jyda® + Jyda® — pda? (27)
where p : M — R is a charge density function
and J = Jy e, + Joeg+ Jy e; is a current density
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vector field (these are to be regarded as the usual
“smoothed out”, pointwise versions of “charge per
unit volume” and “charge flow per unit area per unit
time” as measured by the corresponding admissible
observer). Now, our formal definition is as follows:
The electromagnetic field on M determined by
the source 1-form J on M is a 2-form F on M
that satisfies Maxwell’s equation

dF =0, (28)

and
dYF = J . (29)
A few comments are in order here. We have cho-

sen units in which not only the speed of light, but
also various other constants that one often finds in
Maxwell’s equations (the dielectric constant ¢, and
magnetic permeability p,) are 1 and a factor of 4w
in (29) is “normalized out”. The * in (29) is the
Hodge star operator determined by the Lorentz in-
ner product and the chosen orientation of M. This
is a natural isomorphism

LP(M)— QP (M), p=0,1,2,3,4

of the p-forms on M to the (4—p )-forms on M and

is most simply defined as follows: Let z!, 22, 23, 24

be any admissible coordinate system on M. If
1 € Q°( M) is the constant function (0-form) on M
whose value is 1 € IR, then

*1 = da' A dz? A da® A dz?t

is the volume form on M. If 1 <i; <--- < 4, <4,
then * (dz® A---A dx'*) is uniquely determined by

(dzis Ao A da's ) A* (da™ A A datn)
= —dat A dz? A dad A dxt.

Thus, for example, *dx? = de' Adx3 Adx*, * (dxt A
dz?) = —dz®A dat | * (da' A d2? A dad A dat) = -1,
etc. It follows that, if u is a p-form on M, then

I (30)

* %

p= (-1

(a more thorough discussion is available in Chapter
V A3 of [1]). In particular, (29) is equivalent to

d*F ="*J . (31)

On regions in which there are no charges, so that J =
0, (28) and (31) become the source free Maxwell
equations

dF =0 (32)

and

d"F =0, (33)
i.e., both F' and *F are closed 2-forms.

Any 2-form F on M can be written in any ad-
missible coordinate system as F' = %Fab dz® A dxb
(summation convention!), where (F,, ) is the skew-
symmetric matrix of components of F'. In order to
make contact with the notation generally employed
in physics we introduce the following names for these
components:

0 B* —-B? FE!
-B3 0 BY  E?
Fa)=| .| @
-E' —-E? —-E3 0
Thus,
F=FE'dz* A da* + B2da? A da* + E3da® A do*+- 35)
35

B3dx* A da? + B2da® A dat + Brda® A dad.

Computing *F, dF', d *F and *d *F and writing E=
Ele,+ E?ey+ E*ey and B = Ble, + B¢, + Ble,
one finds that dF' = 0 is equivalent to

divB =0 (36)
and
. OB .
curlE + — =0, (37)
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while *d *F = .J is equivalent to

divE = p (38
and
. E .
curl B — oF =J (39)
ot

Equations (36)-(39) are the more traditional render-
ings of Maxwell’s equations.

In another admissible coordinate system
21,2223 21 on M (related to the first by (2))
the 2-form F would be written F' = % Fab dz®A dib .

Setting 2% = A% z* and b = Abﬁ P gives
1(Ae, Ab F)dx® A daP so
Fog =AY\ A%F,, a,3=1234. (40)

Now, suppose that we wish to describe the electro-
magnetic field of a uniformly moving charge. Ac-
cording to the Relativity Principle, it matters not at
all whether we view the charge as moving relative
to a “fixed” admissible observer, or the observer as
moving relative to a “stationary” charge. Thus, we
shall write out the field due to a charge fixed at the
origin of the hatted coordinate system (“Coulomb’s
Law”) and transform, by (40), to an unhatted co-
ordinate system moving relative to it. Relative to
25 22,23, 2%, the familiar inverse square law for a
fixed point charge q located at the spatial origin gives

-

B—OandE— ile

7, Wherer—mel+x €2+.’E e

and 7 = ((£1)2+(a:~2)2+(@3)2)% (note that F is
defined only on M — Span {é, }). Thus,

(41)

It is a simple matter to verify that, on its domain,
(F,,) satisfies the source free Maxwell equations.
Taking A to be the special Lorentz transformation

corresponding to (5) and writing out (40) with (£, )
given by (41) yields

j?l
B=q(%)

£2 _ i?’

B2 = 1117B2 (TT) B* = 136[}2 (?) (42)
23 22

EP = 1/1(1,82 (rT) B® = ffﬁz (rT)

We wish to express these in terms of measurements
made by the unhatted observer at the instant the
charge passes through his spatial origin. Setting z* =
0in (5) gives 2! = —= L322 =22 3

mx,x:x

and so 72 = 1_152 (z')? 4 (22)% + (23

convenience, we write ré . Making these substitutions
n (42) gives

and 23 ==z

)2 which, for

, 1
E:\/lq—752<rz> xel+x62+x63)
(43)
_ S
EEAC
and
Bt 2 ) (0e,— Bale, + faey)
= Niera rg e, — Br’eqy + freq
(44)

__ 4 1 e
_W< )((ﬂn 7).

for the field of a charge moving uniformly with veloc-
ity Be; at the instant the charge passes through the
origin. Observe that when 8 < 1, r5 ~ 7 so (43)
says that the electric field of a slowly moving charge
is approximately the Coulomb field. When g < 1,
(44) reduces to the Biot-Savart Law.

Let us consider one other simple application, i.e.,
the response of a charged particle (a,m,q) to an
electromagnetic field which, for some admissible ob-
server, is constant and purely magnetic. For_sim-
plicity we assume that, for this observer E =0 and
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B= be; , where b is a nonzero constant. The corre-
sponding 2-form F has components

0 b 0 O

-b 0 0 0

(Fap)= 00 0 0
0 0 0 O

(from (34)). The corresponding linear transforma-
tion F has the same matrix relative to this basis
so, with a(7) = 2% (1)e, and U(r) = U%(7)e, , the
Lorentz 4-Force Law (25) reduces to the system of

linear differential equations

dUt bg . , du?
_ = iU e —
dr m dr 0
Ut e avt _
dr  m dr

The system is easily solved and the results easily in-
tegrated to give

_( bar
a(T) :xo—i—asm(m—i—qb)el

bgt
+acos(q+¢>62 (45)
m
2122
a“b’q 9
cTe 1 c” | Te
+cres+ ( + 3 + ) 4
where z, = z3 e, € M is constant and a, ¢ and c are
real constants with @ > 0 (we have used U - U = —1
to eliminate one other arbitrary real constant). Note

that, at each point on a, (z'—ap)? + (22 —25)? =

a?. Thus, if ¢ # 0 the spatial trajectory in this coor-
dinate system is a helix along the e, -direction (i.e.,
along the magnetic field lines). If ¢ = 0 the trajec-
tory is a circle in the z'z?-plane. This case is of
some practical significance since one can introduce
constant magnetic fields in a bubble chamber so as
to induce a particle of interest to follow a circular
path. We show now how to measure the charge-to-
mass ratio for such a particle. Taking ¢ = 0 in (45)
and computing U(7), then using (11) to solve for the

coordinate velocity vector V of the particle gives

abg/m

WaE (cos (b% —|—¢) e, + sin (b% —|—¢) 62>.

From this one computes

12 m?2 -1
HVH - (1 + a2b2q2>

(note that this is a constant). Solving this last equa-

tion for ;2 (and assuming ¢ > 0 for convenience) one

‘7:

arrives at

q _ 1 VI

moaelbl v

Since a, b and ||V | are measurable one obtains the
desired charge-to-mass ratio.

To conclude we wish to briefly consider the ex-
istence and use of “potentials” for electromagnetic
fields. Suppose F' is an electromagnetic field de-
fined on some connected, open region X in M.
Then F is a 2-form on X which, by (28), is closed.
Suppose also that the second de Rham cohomology
H?(X;R) of X is trivial (since M is topologically
IR* this will be the case, for example, when X is
all of M, or an open ball in M, or, more gener-
ally, an open “star-shaped” region in M ). Then, by
definition, every closed 2-form on X is exact so, in
particular, there exists a 1-form A on X satisfying

F =dA. (46)
In particular, such a 1-form A always exists locally
on a neighborhood of any point in X for any F.
Such an A is not uniquely determined, however, be-
cause, if A satisfies (46), then so does A + df for
any smooth real-valued function (0-form) f on X
(d?=0implies d(A+df ) =dA+d*f=dA=F).
Any 1-form A satisfying (46) is called a (gauge) po-
tential for F'. The replacement A — A+df for some
f is called a gauge transformation of the potential
and the freedom to make such a replacement without
altering (46) is called gauge freedom.

One can show that, given F', it is always possible
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to locally solve dA = F for A subject to an arbitrary
specification of the 0-form *d *A. More precisely, if
F is any 2-form satisfying dF' = 0 and ¢ is an arbi-
trary 0-form, then locally, on a neighborhood of any
point, there exists a 1-form A satisfying

dA=F and *d*A =g (47)
(a more general result is proved in Appendix 2 of [4]
and a still more general one in Section 2.9 of this
same source). The usefulness of the second condi-
tion in (47) can be illustrated as follows. Suppose
we are given some (physical) configuration of charges
and currents (i.e., some source l-form J) and we
wish to find the corresponding electromagnetic field
F. We must solve Maxwell’s equations dF' = 0 and
*d*F = J (subject to whatever boundary conditions
are appropriate). Locally, at least, we may seek in-
stead a corresponding potential A (so that F' = dA).
Then the first of Maxwell’s equations is automati-
cally satisfied (dF = d(dA) = 0) and we need only
solve *d*(dA) = J. To simplify the notation let us
temporarily write § =* d* and consider the opera-
tor A =dod+ dod on forms (variously called the
Laplace-Beltrami operator, Laplace-de Rham opera-
tor, or Hodge Laplacian on Minkowski spacetime).
Then

AA =d(5A) + §(dA) = d(*d*A) +*d* (dA). (48)

According to the result quoted above we may narrow
down our search by imposing the condition *d *A = 0,
ie.,

0A =0 (49)
(this is generally referred to as imposing the Lorentz
gauge). With this (48) becomes AA =* d*(dA)
and to satisfy the second Maxwell equation we must
solve

AA = J. (50)
Thus, we see that the problem of (locally) solving
Maxwell’s equations for a given source J reduces to
that of solving (49) and (50) for the potential A. To
understand how this simplifies the problem we note

that a calculation in admissible coordinates shows
that the operator A reduces to the componentwise
D’ Alembertian [ ], defined on real-valued functions
by

0? 0? 0? 0?
8(m1)2 + 3(362)2 + 3(:53)2 - 3(x4)2 :

=

Thus, equation (50) decouples into four scalar equa-
tions

DAa:Jav a:172a3747

each of which is the well-studied inhomogeneous
wave equation.

(51)

See also: General Relativity: Introduction,
Electromagnetism, Gauge Theory: Introduc-
tion.
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