LInTS AND CONTINVDITY l_’e_R FUNCTIONS OF TwO OR NORE VARIABLES

LINITS ARE NORE SVBTLE CAND NORE INTERESTING ) FoR FUNCTIONS OF NORE

THAN ONE VARIABLE,

RecaLL : GwEN y=fut) Awd A REBL NUNBER X, w!TH P perivvep

AT LERAST " NEAR” X, (---o—?;—o--- ). wE sAY WAT

lm p(.X) = L
X=X '

¢ Fix) cons BE NADE AS CLOSE AS wE LIKE To L By CHooSING X

SUFFICIENTLY CLOSE (BT NOT EQUAL ) To X, .

o Poxy exists 17 awp oony 1F Bomy lin Bixy awo o Rx) exist

XX, XX X-3X"
o o

AND BRE EQRUAL.

ForR 2= ch,y ) THE DEFINITION LooKS ESSENTIALLY THE SANE



Cven 2= ptx,y) AND A POINT (X, Y, ) 10 THE PLANE wiTH pDEF)m‘:‘D

AT LEAST "NEAR "

wWE SAY THAT

lin Fox,yy = L
I%,y) =¥ (X,,y,)

iF Fix,y ) cAN BE NADE AS CLOSE AS WE LIKE To L By CHoosNG (X,y)

SUFFICIENTLY CLOSE  (BUT NOT EQUAL ) T® (X,,y ),

™IS TINE | HOWEVER, INSTEAD oF JUST MWo THERE INFINITELY navy

" APPROACHES " oW X,,y, ) AND , 1V ORDER FoR THE LINT T EXIST,

THEY nuST ALL GIVE THE SANE RESULT,

¢X,,Y,)

LEY'S SEFE How EASILY THIS €AN FAIL :



Xy
x4 y®

EXANPLE : 2= Pc.x,y) z
DoAY ;- ALL X,y) # (5,0)

WE WILL COPSIDER THE LINIT OF TS FONCNION RS tX,y)—> (2,0)

APPROACH ALONG X-AX1S (y3p) 3 - ——ole——ane X
to,0) %,0}

ey) = tX,0) =P p"‘dﬁpzx,o)

X:0

omm————

XZ*O‘
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THE FUNCTION 1S O AT BACH PoINT OF TYE X-AX)IS

lin fex,y) = lin 0 = O

X~
tx,y)-» (o,0) °

ALoNG y 2 O

WE GET THE SANE RESVLT IF wi APPRoACH ALONG THE y-HAXIS (X=0),

HOWEVER | SVPPOSE wE APPROACH ALONG THE LINE y=X :
y y=X

/x,y) X,X)

X

€0,0!
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S oxx N
onyd: o, x) > Fuy) = fxxo = it ae T T
THE FUNCTION THKES TNE VALLE f AT EACH POINT OF y= X txo)
So
I
lin Pox,y) = o o = &
€X,y) = 0,0) Xve
Mone y=X

Ts, Two DIFFERENT ™ ﬂPP)eaﬁchEs " GIVE DIFFERENT RESULTS So

‘xy

hn x—i-:';i

X, y) ->o,0)

DoES NOT EXIST,

NOTE : THE SITUATION MERE 1S EVEN STRANGER

THAN IT SEENS IN THAT TNE LINT oF TS FuNeTIoN

AS (X,y) —» (0,0) 1§ DIPFERENT ALONG EVERY

STRAIGHT LINE Yy =mX THROUBH THE ORIGIV :
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lin pcx y) = ’m —1 = T wMicH IS DIFFERENT FoR
xX,y)-5t0,0) ! X2 't t4m

ALONG y:zmX _ DIFFERENT M



xty

AWOTHER EXANPLE : 2= ch,y) S
x1 +yt

ponAwv : ALL oxX,y) ¥ (0,0)

AGAIN WE LooK AT wHAT HAPPENS TO F(.t,y) AS (x,y) —» (2,0),

NOTICE TWAT THIS TINE Aloné )’: mX ,

2 2
xEimx)
Fbx,y) s Ptx.mx) s —.'——-—‘""“ . X
X! ¢ imx)? x4 mtxt
mxz
: aCA——
Xt xtemt?
mX
= -,__—-—i'
x“J-m
| I Pex,y) = i = v F o
x»0

x,y) —3 (0,0)
ALONG Y = mX

VS, ALL OF THESE APPRONCHES GIVE THE SANE RESULT.
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HowEVER, LET'S Now PPPROACH ALONG y=X -

y y:x‘
L 3
tx,%")
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' ALowG y 3 X* 2,
X
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xty s J_'_:' z a
so, AGRIV, lin xTeyt DoES NoT EXIST, °

X, y)=» (0,0)
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ONE LASTEXAnpLE @ 2= Fux,y ) =

ponPv : AL X,y) ¥ (0,0)

THIS TINE SonETHING VERY DIFFERENT HAPPENS BECAUVSE

o < x"y"
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Aty y?

AS X,¥) = to,0) |

TRAPPED BETWEEN O AND SONETHING APPROACHING &
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$0 11 NUST ALSo APPRoncH © ( " SQUEEZE THEORED ° ) e,
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Borton LIDE : LIMITS FOR FuorcTnions oF Two VARINEBLE S NRE TRICKY

LAMD IT'S LOORSE FOR FUNCTIONS OF THREE OR NoRE VARIABLES ).



OF COURSE , SonE LIMTS ARE JUST RAS EASY FOR FUNCTIONS OF Too

VARIABLES AS THE ARE FOR FUNCNONS oF ONE VPARIABLE ( FOREXANPLE ,

THOSE THRT ARE NOT INDETERMINATE ) E.G.,

lin cx"y + 73) - 122 4 .13 : lo ¢ PoLYmwomaLS )

txX,y) =» (1,2)

L. lin X=Xy + 3 — l1-c)d¢3 = 3

x,y) =»0,0) Xy +8xy -y} — f)ssan-P = S

s f: (RATIONAL FUrCTiows FoR whIcH
THE DENOMWATOR DoEs NoT
APPRoBAeH O )
/] -~y |/ '
3. "n X-y So THWE LiniT
-y O
ex,y)—=»cei, 1)
xyt — o
Y. | ho —
X~y —» O
(,y) >,
eX-y)eXty)
. lin —— e
: X-y
eX,y) = e,
I (X +y) CPRoVIDED Y # X )

XY= (1))
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RECALL : Fix) 15 conminwous AT X, IF ln Fex) - pcx,)_
- X=X
&

INPLICIT 1v THIS 1S

1. X, 1s v THE DonAimw oF AX) So ch, ) EXISTS,

a. lin Rx) eusrs

’
X-’xb

2, TWESE Tweo ARE THE SAne .

FoR FUNCTIONS oF Two VARIABLES THE DEFINITION Is THE SANE

Fex,y ) 1s Connmuouws A7 X, ¥, ) IF

lir ch,y) : ptx‘.y.)‘
(x,y) >, Y, )
IF THIs IS TRUE FoR EVERY X,,Y, ) 1N
WE Donad of Fux,y) we smy sinpLy

™AT ch,y) 1S ComNrOLOVS .

POLYNONIALS ARE CONTINVOVS EVERYWHERE .

RATIONAL FUNCTIONS ARE CONNWVUOUVS WHEREVER THE

DENONINRATOR 1S NONZEROD,

Suns, DIFFERENCES, ArD PRoDUCTS OF ConMNvovs FUNCNIONS

ARE ConTNIvLOUS |



*  QUOTIENTS OF CornvMLOLS FUNCTIONS ARE ConNNVLOUS

SWHEREVER THE DENOMMNATIR 1S NomZERD,

. IF Pex,y) 15 comnmuvovs AVD gta) 1S A oNINVOLS

FUNETION oF OrOE VARIABLE, TWBN 9 (Pex,y) 18 connmuovs

£.C.,
s (Sxty3)

1S convnnvovs

EXANPLES :

¥
Fex,y) = Xty IS NOT COMTVLOUS AT (60) SincE

IT 1S NOT DEFINED THERE .

Xy
Xiiyl £ (x,y) ¢ to,0)
qitx,y) = 4 1S NOT CoroTIvUoVS
‘ -
a8 IF ¢%,y) = (0,0)
l d
: n

7 ) l1n (x,y) : xtry?
A7 (0,0) SICE cxyritoro) qux,y Xy )mier0) y

DOES Ner EXIST .



’0,

xl z
XT3yt IF x,Y) # ts,0)
3 h“'),) - 18 voOT
! IF cx,y) s (0,0)

COPNINVOVS AT (06,0) SINCE

1 yt
l)n h‘x‘y) = n xl*y]_
x,y)-3(0,0) eX,Y) % to0)

- O ¢ | = thJO)
xiy |
Yijyt F %Y) #¢e0)
Y, Hl‘:y, =

o IF tX,y) = (0,0)

18 ConTiropovs AT (0,0)

ALL OF THIS EXTENOS EASILY TD FUWCTIoVS OF THREE VARIABLES



