INFINITE SERIES

LET'S BUILD A SEQUENCE {S, S,,S, .. § v ™E FoLLownG wAY :
S, = |
g, = |+ i
S, = '+ %+ %
4
S; = 1 E g

3
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Suns of NORE AND NORE POWERS OF % .

QUESTION :  DoES THE SEQUENCE CONVERGE {  THAT 1S, AS wE
ADD TDGETHER NORE AND NoRE PowERs oF ¥ , Do THE

sons " aperoacn " Anvymmg ¢
THE ANSWER woVLD CERTAINLY BE " No" IF wE REPLACED THE 3+
wIH A 1 SINCE THE SEGQUENCE wouLD CLEARLY BLow UP

CT.E., = %®),

HOWEVER, our SEQUENCE AcCTLALLY DOES CONVERGE BECAUSE



1. IT IS INCREASING ( S,, = S + APoSITIVE NUNBER )

BoonDED FRon ABOVE BY X ( Goinve powony THE LiST

FRON ONE TERN TO THE NEXT, wWE ALwAyS ADD JuST
HALF oF wHAT 1T woLLD TAKE To GET THE SuN UP

To Q ),

THIS SHOULD BE A LITILE SURPRIZING ( ADDING NORE AND NORE PosSITVE

NUNBERS, BUT THE SuNs Do NOT Blow UP ).

Bu1 wnAt DoES 1 S,,S, S, ,... } converge ™ ¢

USUALLY ANSWERING QUESTIONS LIKE THIS 1S VERY HARD, BUT FoR

THIS ONE THERE 1S A TRIcK THAT PRoVIDES THE ANSWER :

TENPORAMILY €ALL THE LimiT of 1S, }
AS N> ° Just S

S= hn S,

n-»%

Now NOTICE THAT

h 2
Sp = 144+ E) 4es (4
2 n nd/l
Ls, L4 L) 40 (T) 4 (E)

SUBTRACT THESE Two T GET



né/
S,- %S, = 1-(3)

. R
3.’- Sn s I- (=)
A1 N - _L
Sn=-'t(l-(a.) )-J-Qn
THUS,
S=lin S, = hn (a~$)=.z
n-»© N>
CONCLUSION : AS You ADD TOGETHER NORE AND NORE POWERS
oF +

L csmrvg wity (%)% ) THE Suns GET CLoSER Avo
CLOSER T <,

LET'S WRITE THIS OUT :

Iin S'n = Q
N

lm (14 % 4.9 () ) =

2
n-yo
= k
ln Z (%) =2
n-y ® &
20

NOW wE INTRODUCE A SHORTHAND NOTANON FoR THIS :

Z_:L%:)‘l = 2

oR SONETINES



PLEASE UNDERSTAND THAT NEITHER OF THESE LAST Two 13 PEALLY

A sun ( You CAN'T ADD UP INFINITELY NBNY NUNBERS PERIGD ! )
J »

THEY ARE SHORTHANDS FOR LIMIT STOTENENTS .

A SynBovL Lixe
PN
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A ta, +a, + -

IS CALLED AN INFINITE SERIES (OR JuUST SERIES). IT WAS A

CORRES PONDING SEQUENCE OF PARTIAL suns
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IF Tms SEQUENCE (S, § oF PARTIAL SLNS CONVERGES TO SonE
REAL MUNBER S | THEN THE SERIES IS SAID TO CONVERGE TO S

AnD S 1S CALLED THE SuLDN OF THE SERIES , XN THIS CASE wE

WRITE



a,+a, 4@, + - = S

IF THE SEQUENCE oF PARTIAL SLNS DOES NoT CONVERGE , THEN

wE SAY THAT THE SERIES DIVERGES

EXANPLES :
- &
I.  THE SANE ARGUNENT GIvEN FOorR [, () : 4
4=0
PROVES THAT IF
-) < <y
THEN
- K
Z = 7
&=0
AND , 1w FACT,
[+ o)
4 a
Z or 2 —— CGEONETRIC SERIES)
1-r
K:=»

FOR ANY comsTANT a, E£.G.

(v -} o
3 2ok =
Z ot G E $Cig) = - 5
R:=0 o
3 10
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Q. ; C- = “l +1 -1 4 --- DWERGES BECAUVSE 178
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SEQUENCE oF PARTIAL SLUNS 1S

S, = |

s‘.-. -l =0

Sl-: =1+ = |
53= =141 -) = 0

AND THE SEQUENCE  {1,0,1,0 ... § DIvERCES

NOTE @  TWIS IS THE GEONETRIC SERMES (az1 )
wHEN = =1, TN FACT, THE GEONERIC

SERIES DIVERGES WHENEVER o £ -] oR %]

oo _ o . bt 4
2 23‘5'3-23“-55 : )53 (5)
R:0 Azo 4=0
@ Y 'y
> Zs(:}) - 3 s 2
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NOTE THAT THE INDEX B smaers A7 )| THIS TNE.  wE KkMow

THAT
- N O s £ _ 20
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S(8)Y + S8 = F (%)
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ot £ 5
Jsd)y = 5= 3
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NOTE : THWE LINE WiTH THE (¥ ) ABovE iIs
AcTunLLY A LITILE SLoPPy. wxy ¢ Ano

How Do you JUSTIFy i1 ¢

THE FORNUL) FOR THE SUN OF A GEONETRIC SERIES CAN BE USED
TO WRITE RATMONAL NMUNBERS GIVEN AS DECINALS ( E.G.

0.78478% 784 .- ) AS QUOMENTS oF INTECERS

0.78Y V8% I8Y - 0.784 + 0.000784 + 0.00000078 + ---

1)

0.984 (1) + 0.784 (10°2) + 0.784 (10°C) +---

(4

o984 (5)°+ ovsq(w,) +ovw(w;) $oo
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K=o
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GEONETRIC SERIES ARE p RARE EXCEPTION TO P GENERAL RULE :
OFTEN IT 1S NOT So HARD TO SHow THAT A SERIES CONVERGES ,

BUT FINDING OUT WHAT IT ConmvERGES TO 'S EXTRENELY
DIFFIcuLT .

THERE 1S BASICALLY JUST onNE NMORE EXCEPTION TO THIS RULE :

TELESCOPING SERIES :

o
L. L ,
consiDER THE SERIES ), L = o5 ) . wELL wRITE ouT
-&H

ITS SEQUENCE OF PARTIAL SunsS :

S, = T- 3
S, = (-{---";)-'-(’:.L";')

4
s, (F-E)e(E-F) 2 (304D

S, = (E-E)e (T -F)40F-4 )4t (F- 34

NOTICE THE CANCELING OF EVERy oTHER TERN . THE PARTIBL SLNS
COLLAPSE ( “ TELESCOPE " ) TO GIVE



Avd THIS IS ERSY TO TAKE THE LINIT OF

L. Ly ) .
&%" (* an) Ny n:’ﬂ” sn ,

* !
ANOTHER EXRNPLE : 2: 843442
k=0

AT FIRST THIS DOESN'T Look AT ALL RIGHT AND JUST wRITING ovT

THE PARTIAL SUONS DOESN'T LEAD TO ANY TELESCOPING. HmoEvGRJ

] ! A (4
8%+344+2 (B+1)842) V' YTRE ¥%)
¢ PARTIAL FRACTIONS )

Akiv) + 8.8+ )
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h=-1: 1 = A
&: -2 ! = -8
—_— L
L434n L4 4+2
So o \ - i ( 1 _ )
Z: 853842 Z 4n R )
h=o =0

Now WRITE ovT T™E PARNAL Suns .
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THAT'S BASICALLY THE END oF THE EASY EXANPLES. FoR A hHILE Mo

WE wIlL CONCENTRATE onN JuST DECIDING WHETHER OR MNoT
A SERIES CONVERGES AND NOT wWoERRY SO NucH AROVLT wHAT 1T
CONVERGES To , E.6., !T wiLL SOON BE QUITE EASY ™ Show

0
™A1 ) T CONVERGES, BUT 1T TOKES A GREAT DEAL oF
&zl

t 3
T
woRk T Fivp wHAT 1T convErReEs To (o AcTumuLy ).



