GEOMETRICAL AND NUNERICAL NETHODS

UNFORTUNATE FACT oF LIFE : THE DIFFERENTIRL EQUATION

y'= Pax,y )
1S GENERALLY 1NPOSSIBLE TO SOLVE EXACTLY,

EVEN WHEN THIS 1S THE CASE IT 1S STILL PoSSIBLE TO OBTRIN INFORNATION
ABoLT THE SoLLTMONS, .G,

* GENERAL, QUALITATIVE BEHAVIOR ( SHAPES oF

THE INTEGRAL CURVES )

*  APPROXINATE VALVES oF SOLVUTIONS

WE WILL COMSIDER OME SINPLE NETHOD FoR EACH OF THESE

e DIRECTION FIELDS

e EULER'S NETHOD

TOEA BEHIND DIRECTION FIELDS : ¥ '= fux,y)
y

/M/ SLoPE = pLx,y)
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E.C., AwY SoLumown TO
>,I= xl+yl

THROVGYH THE PoINT (-1,)) NUST HAVE SLOPE

r A
1) +0): = 2

THERE .
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TANGENT T THE
SoLuNoN CURVE

Yo y 's xz ty t
THROVGH (~1,1)
VST HAVE SLOPE 2,

SUPPDSE wE DREW ( oR HAD A CconPUTER DRAW ) LOTS AND LoTS oF THESE
LITLE TPANGENT LINES To PoivTS 10 THE PLANE INDICRNNVG THE SLoPE

OF ANY SoLuLTION CoRVE AT THEZE POINTS,
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E.G., NOTING THAT X 4y 1S CoNSTONT ON CIRCLES ABOLT THE ORIGIN
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THE PATTERNS OF THESE SLOPES ( THE DIRECTION FIELD ) SUGGESTS
THE SHRPE OF THE CORVES THAT HBVE THESE THONGENTS, T.E., THE

INTEGRAL CURVES oF THE EQRUATION,
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ANOTHER EXANPLE : y’ = Hy (1-y)

NOTE : THIS 1S AN EXANPLE oF A LOGISTIC EQUATION Anp

IS USED TO DESCRIBE A CERTIIN PoPULANION NODEL

Yy = yt&) = PoPuLATION AT TINE £

WE ARE INTERESTED 1NV SoLLTIONS THAT SANSFY AN
INVITIAL ComwDINION

yao) = )’0
wWHERE Y > O
NOTE THAT THE RIGHT-HAND SIDE ( SLOPE ) 15 conSTRNT O HoRIZOOTRL

LINES )/ = -3, WE'LL CHOOSE A NUNBER oF THESE For DRAWING

THE DIRFC TIoNv FIELD,
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Yy i pcx Y)
JDEA BEHMIND EVLER'S NETHOD : {
yex,) s ya
4
SLoPE = Fux,, Y, )
Yy &
T \N. SOLLUNBIV Y = YiX) CwhICH PRESUNABLY WE
o 7 ’ CANVNOT SOLVE For EXACTLY )
"""xbayg)
] t %
Xe Xt OX

SUPPOSE You NEED y (X, + 48X ). IF AX IS SNALL ENCVEH
APPROXINATE y (X, + AX) WITH THE HEIGHT OF THE TANGENT

LINE ABovVE X, + ax .

y- Yo = P&x,,yo YIX-X, )
X = X, 4 68X
Y. = Yt P"‘o.Y,) 8X = yix,+ax)

OR, IF YoU NEED y(x) FOR SonE X THAT IS NOT CLOSE TO X, . APPRORCH
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SuBDIVIDE L %,,X] inTo N EQUAL
SUBINTERVALS OF LENGTH

ax: Xe ¢ STEP SIZE )

” Sm—  Sy—

Cnz=Y IS SHOWN ABOVE )

Y

Yo
Yy = Y2 * Pex,,y, ) Ax

y, + Fex,,y, )0x

Y, + pcx“y,)ox

"

7‘, s 73 + pl?t_,;)’;) ax

Yo = 7. 4 FiXa Yo 28X 2 YIX)

= Yy (l-y)
EAPNPLE : { yersy
Y

to) = ,’

Pex,y ) = Hyti-yJ
CX,.)',) s (0, .‘JI')

APPROXINATE Y(0.3 ) wiry A STEP
SI2ZE of O4X= 0.1 (so n=3)
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e o+ (F ).
2 0.25 + 0.075

= 0.335

C”..Y.) s ‘0.', 0.345)

Yot VY, # ch,,yl ) AX

0.325 + (kte.32501-0.3253) 0. 1)

1
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0.325 + (o0.8775)(0. 1)

o.Y128

€%,%) = (o0.2,0.4128)

)'3 Yo + Pcw,,y,)d‘x

6.4128 + (3 €0.41283()-0.4138)) o, 1)
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it

0.519%

So
yco.3) % Y3 = 0.519%

NOTE ¢ IN THE NEXT SECTION wWE wiLl SOLVE THIS

EQULATION EXACTLY AND FiND ™eT
4(6.3)
0.25 &
g X 0.5253

Y(0.3 ) : . o~
14 a..zf(c"” 3, P,

( BUT ARRIVING AT 0. 5253 ALSC INVoLVES APPROXINATIONS D



