
Better Confidence Intervals: The Double Bootstrap with No Pivot

David Letson; B. D. McCullough

American Journal of Agricultural Economics, Vol. 80, No. 3. (Aug., 1998), pp. 552-559.

Stable URL:

http://links.jstor.org/sici?sici=0002-9092%28199808%2980%3A3%3C552%3ABCITDB%3E2.0.CO%3B2-5

American Journal of Agricultural Economics is currently published by American Agricultural Economics Association.

Your use of the JSTOR archive indicates your acceptance of JSTOR's Terms and Conditions of Use, available at
http://www.jstor.org/about/terms.html. JSTOR's Terms and Conditions of Use provides, in part, that unless you have obtained
prior permission, you may not download an entire issue of a journal or multiple copies of articles, and you may use content in
the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of this work. Publisher contact information may be obtained at
http://www.jstor.org/journals/aaea.html.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

The JSTOR Archive is a trusted digital repository providing for long-term preservation and access to leading academic
journals and scholarly literature from around the world. The Archive is supported by libraries, scholarly societies, publishers,
and foundations. It is an initiative of JSTOR, a not-for-profit organization with a mission to help the scholarly community take
advantage of advances in technology. For more information regarding JSTOR, please contact support@jstor.org.

http://www.jstor.org
Fri Nov 16 09:40:46 2007

http://links.jstor.org/sici?sici=0002-9092%28199808%2980%3A3%3C552%3ABCITDB%3E2.0.CO%3B2-5
http://www.jstor.org/about/terms.html
http://www.jstor.org/journals/aaea.html


DAVIDLETSONAND B.D. MCCULLOUGH 

The double bootstrap is an important advance in confidence interval generation because it con- 
verges faster than the already popular single bootstrap. Yet the usual double bootstrap requires 
a stable pivot that is not always available, e.g., when estimating flexibilities or substitution 
elasticities. A recently developed double bootstrap does not require a pivot. A Monte Carlo 
analysis with the Waugh data finds the double bootstrap achieves nominal coverage whereas the 
single bootstrap does not. A useful artifice dramatically decreases the computational time of the 
double bootstrap. 

Key words:  confidence interval, convergence, elasticity, flexibility, iterated bootstrap. pivot. 

When reporting point estimates that are non- 
linear functions of estimated parameters, re- 
searchers frequently fail to report confidence 
intervals. Examples of such point estimates 
are elasticities from a translog function or 
flexibilities. In large part this omission occurs 
because analytic calculation of such confi- 
dence intervals can be technically difficult, as 
in the case of a Taylor expansion to approx- 
imate the standard error of a nonlinear func- 
tion of estimated parameters (the delta meth- 
od) or the construction of Fieller intervals. 
However, the era of reporting only point es- 
timates should be over (Dorfman, Kling, and 
Sexton; hereafter DKS). Even when deriva- 
tion of a confidence interval is analytically 
intractable, bootstrap methods can produce re- 
liable confidence intervals with minimal dif- 
ficulty. These confidence intervals can accom- 
modate asymmetric intervals when the data 
so indicate, whereas the usual asymptotic nor- 
mal approximation always imposes the as-
sumption of a symmetric sampling distribu- 
tion. Efron and Tibshirani provide an excel- 
lent introduction to the single bootstrap.' For 
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' Because the bootstrap is a class of methods, we distinguish be- 
tween single and double bootstrap\ and note that there i\ a variety 
of each type. 

a more sophisticated nontechnical treatment, 
see Davison and Hinkley. 

The single bootstrap has been applied to 
obtain confidence intervals in a number of 
situations: flexibilities (DKS), translog pro- 
duction functions (Eakin, McMillan, and 
Buono); supply and demand elasticities (Vinod 
and McCullough 1995b); intervals for auto- 
regressive processes (Thombs and Schuchany 
1990, McCullough 1994); prediction for ran- 
dom coefficient models (Beran 1995); predic- 
tion for stochastic independent variables 
(McCullough 1996); forecasting demand 
(Veall) and supply (Prescott and Stengos); 
welfare estimates in recreational demand 
models (Kling); and benefits estimates in di- 
chotomous choice contingent valuation (Coo- 
per). See the survey by Vinod (1993) for ad- 
ditional applications in economics. 

The reliability of a confidence interval is 
gauged by its coverage; i.e., the proportion of 
times that the estimated interval covers the 
true parameter. A 90% confidence interval has 
nominal coverage of 90%, but its actual cov- 
erage might be either higher or lower. In a 
Monte Carlo study using the Waugh data, 
DKS compare Fieller intervals, the delta 
method, and three types of the single boot- 
strap, and find that the single bootstrap does 
not achieve nominal coverage. This result is 
dispiriting because the single bootstrap can be 
easier to implement than the other methods. 

The drawback to the single bootstrap is its 
slow rate of convergence, sometimes mani- 
festing itself by achieving less than nominal 
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coverage (see Hall 1992, and Shao and Tu). 
Defining coverage error as the difference be- 
tween nominal coverage and actual coverage, 
for a one-sided interval, the asymptotic nor- 
mal and percentile bootstra intervals both 
have coverage error 0(1/ 4n) where n is the 
sample size. The percentile-t and bias-cor- 
rected single bootstrap intervals have cover- 
age error O(l/n). Thus, as sample size in- 
creases, the difference between nominal cov- 
erage and actual coverage will be less for a 
bias-corrected single bootstrap than for a 
percentile single bootstrap. However, DKS's 
study shows that for small samples the dif- 
ference in coverage error might not be no- 
ticeable. Converging even faster than the sin- 
gle bootstrap, the usual double bootstrap in- 
terval based on a pivot has coverage error 
~ ( n-3/2). 

The requirement of a pivot can be an ob- 
stacle to implementing the double bootstrap, 
however. A pivot is simply a function of the 
data and an unknown parameter that has the 
same distribution for all values of the un-
known parameter. For example, the recentered 
sample mean, f f  - p, is not a pivot, because 
its distribution depends on the variance. By 
contrast, in the case of sampling from a nor- 
mal population where the population standard 
deviation (a) is known, the usual z-statistic, 
z = (.f - p)/u, is a pivot because its distri- 
bution, standard normal, is the same for all 
values of p. If the sample is not normal or u 
is estimated by s, then z = (2 - p)/s is as- 
ymptotically pivotal because its distribution is 
asymptotically standard normal no matter 
what the value of the unknown parameter, p. 
Sometimes a pivot is readily available, and 
the usual double bootstrap can be applied in 
a straightforward fashion, as in the case of 
cointegrating regressions (Vinod and Mc-
Cullough 1995a). At other times, a natural 
pivot might not be available but the researcher 
can, with some difficulty, construct one, as in 
the case of ridge regression (Vinod 1995) or 
estimation of Euler equations (Vinod 1998). 
For many problems, however, a stable pivot 
is not available and one cannot be constructed, 
such as for translog models or the estimation 
of flexibilities. A stable pivot means that the 
scale parameter in the denominator of the piv- 
ot should have a small variance (Hall 1992, 
p. 18). If it has a large variance then the ratio 
will be unstable and the bootstrap will fail, a 
situation encountered by McCullough and 
Waldon. 

The usual double bootstrap operates as an 
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additive correction, either to the interval end- 
point (Hall 1986) or to the nominal coverage 
level (Beran 1987) and requires the existence 
of a stable pivot to effect the necessary pivotal 
transformation. When a pivot either does not 
exist or cannot be stably estimated, the usual 
double bootstrap cannot be applied. A standard 
example is the case of determining a confidence 
interval for a ratio of estimated parameters, such 
as elasticities from a translog function or flex- 
ibilities. Shi has developed a double bootstrap 
requiring only a consistent estimator and does 
not require a pivoting transformation and there- 
fore is applicable in situations where the usual 
double bootstrap is not. 

Shi's double bootstrap is proposed as a 
method for improving interval generation. We 
outline bootstrap theory, emphasizing the role 
of the pivotal transformation. We then intro- 
duce Shi's double bootstrap, explaining how 
to apply it and how it differs from the usual 
double bootstrap. To facilitate comparisons 
with previous work (e.g., Miller, Capps, and 
Wells; DKS), double bootstrap confidence in- 
tervals are derived for flexibilities based on 
Waugh's classic study. Finally, we report on 
a Monte Carlo study in which the single boot- 
strap interval fails to achieve nominal cov- 
erage while the double bootstrap interval 
achieves nominal coverage. To our knowl-
edge, this is the first Monte Carlo of the dou- 
ble bootstrap in the economics literature. 

The Bootstrap 

To fix ideas, five types of confidence intervals 
are presented for the univariate case: classical 
asymptotic, single bootstrap with no pivot 
(percentile bootstrap), single bootstrap with a 
pivot (percentile-t bootstrap), double boot- 
strap with pivot (usual double bootstrap), and 
double bootstrap with no pivot (Shi's double 
bootstrap). Let {x,) be a sample of size n on 
a random variable X with finite variance. In 
deriving a two-sided 95% confidence interval 
for the mean, p, the classical asymptotic in- 
terval is known to be ff i- to,,,~, where % is 
the sample mean, s is the sample standard 
deviation, and to,,,, is the upper 2.5% tail of 
Student's-t distribution. In the case that X is 
normal, this interval is exact; otherwise it has 
coverage error 0 ( 1 / f i ) .  

The single bootstrap interval is constructed 
as follows [see McCullough and Vinod (1993) 
for details]. Form the residuals e, = x, - R i = 
1, 2, . . . ,n and denote the collection e. Rescale 
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the residuals by where n - k is the 
number of degrees of freedom. Shuffle the re- 
siduals by random draws with replacement from 
a uniform distribution, sampling n of the res- 
caled e to form a vector of bootstrap residuals 
e?, and repeat t h s  process J times, yielding 
e f ,  ef , . . . , e,*. For each j form a bootstrap 
resample x,? and calculate its mean, XT. Denote 
the ordered means by .f$), .f&, . . . , .f(*J,.If J = 
999, say,2 then a 95% percentile confidence in- 
terval for p is [.f$,),X$,,)]. This confidence in- 
terval has coverage error O(1ln). The one-sided 
95% percentile confidence intervals, [-a, .f$,,,] 
and [Go,,a], have coverage error ~ ( l l f i ) .  

The accuracy of the single bootstrap con- 
fidence interval can be improved by employ- 
ing a pivotal transformation. For each boot- 
strap resample x,+ calculate its standard de- 
viation I?,? and form the pivotal quantity 

A 95% co~fideqce interval for the true value 
of R is [RZ,,, R;,,,]. A test of the null hy- 
pothesis H,;p = po may be conducted by 
comparing R = (X - po)/6 to the confidence 
interval. The percentile-t bootstrap confidence 
interval for p can be recovered by unraveling 
the pivot as follows3 

This confidence interval has accuracy O(x3I2). 
The increase in accuracy is due to the fact that 
the distribution of R is more nearly pivotal 
(depends on no unknown parameters) than the 
distribution of X [see Hall (1992) for details]. 
A one-sided bootstrap confidence interval 
produced with this pivoting transformation 
has accuracy O(1ln). 

However, as Hall (1992, p. 128) notes, piv- 
oting can be difficult to sustain when the scale 
parameter cannot be stably estimated (i.e., if the 

'For an exact test, it is important the a ( J  + I)  be an integer. The 
reason is that we are not ordering just the J bootstrap estimates 27, 
but the J bootstrap estimates and the lnit~al statistic, i.Thus the rank 
of x' can have J + 1 possible outcomes, not just J .  So if a = 0.05 
and J = 100 yields 0.05(101) = 5.05. we would reject if the rank 
of x' was less than 5, which would have a probability of 51101 = 

0.0495 that does not exactly equal a .  If J = 99, there would be 100 
possible ranks, and we would reject when the rank of x' is less than 
five, which has probability 51100, which is exact. See Davidson and 
MacKinnon (1997) for an extensive discussion of this point. 
' Some readers might be concerned that R,,,,,, the upper critical 

value for R. is used to calculate the lower limit of the confidence 
interval for and might ~n~tinctively fhink that the confidence In- 
terval should be con~tructed as [i+ R;\,B. x' + R;,,,] (recall that 
R ,,; hence, the plus slgn for the lower limit). However, Hall 
(1986) shows that such a construction i ?  incorrect. 
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variance of the scale parameter is large). This 
is evident from equation (1): if 6Tfluctuates 
greatlx from one bootstrap resample to another, 
then RT will wildly fluctuate, destroying the 
bootstrap's accuracy. Examples of cases in 
which this can occur are elasticities from a tran- 
slog function or flexibilities, where there is no 
natural standard error, and a crude approxima- 
tion such as a Taylor series expansion must be 
used. Whlle the single bootstrap can be applied 
without a pivotal transformation, t h s  is not so 
for the usual double bootstrap. 

To better motivate the double bootstrap with 
no pivot, the usual double bootstrap is de- 
scribed, which is constructed as follows [see 
McCullough and Vinod (1998) for details]. Let 
I? be the standard deviation of the original sam- 
ple, and let I?,? be the standard deviation of the 
jth bootstrap resemble. For the original sample 
there exists the root R = (2 - p)/6. For the 
first-stage bootstrap calculate J roots R,? = 

(2: - .%)/I?,?. Proceeding to the second stage, 
shuffle e,? to form e$*. Repeat this procedure 
a large number of times, K. On each kth second- 
stage replication, form the root 

For each j define 

where #(.) is the number of times the condition 
in parentheses is true. Thus, Z,is the proportion 
of times that the second-stage root is less than 
first-stage root. If a pivot cannot be estimated 
stably, then this method cannot be applied. 

Note that Z,E [0,1]. An important result is 
that if R is a pivot having a continuous distri- 
bution, then Z, converges to a uniform distri- 
bution. ThIs justifies the use of the Z,as a di- 
agnostic tool, as advocated by Vinod and 
McCullough (1995). If the 5 are found to be 
nonuniform, then the model may be misspeci- 
fied. Vinod (1995) gives two examples of non- 
uniform 5. 

Let the ordered values be Z,,,, ZI2), . . . , ZIJ1 
and suppose a = 0.05 and J = 999. Define LO 
= [ J  . Z,,,,] and UP = [J . Z,,,,,] where [.I is 
the greatest integer function, e.g., [26.3] = 26. 
The double bootstrap confidence interval for the 
pivot is [RZ,,, R$,,,,]. A confidence interval for 
t*. can be obtained by unraveling the pivot: 
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Booth and Hall provide needed guidance 
concerning the choice of the number of J first-
stage iterations and K second-stage iterations. 
J and K make separate contributions to the 
overall accuracy of the bootstrap approxi- 
mation, the former contributing to variance 
and the latter to (squared) bias. For fixed L = 
JK, it is possible to choose J and K to mini- 
mize the square error of the bootstrap ap- 
proximation. In particular, for fixed J there is 
an optimal K, both above and below which 
performance degrades. J and K cannot be cho- 
sen arbitrarily. Their values are determined, 
in part, by the nominal coverage of the con- 
fidence interval, 1 - a ,  the sample size, n, 
and whether the interval in question is one- 
sided or two-sided. 

Booth and Hall recommend that L should 
be at least size n3, preferably an order of mag- 
nitude larger. Given the sample sizes that pre- 
dominate in economics, this is not an onerous 
requirement. Due to the discrete nature of the 
bootstrap distribution, it is best to take K = 
(J  + l)a, ( J  + 1)lK, and K/2 to be integers. 
Because J is large, this typically is not difficult 
to do. Choose J = yL2I3 and K = L1I3/y-l. For 
a one-sided interval, y = {a(l  - 2a)(1/2 -
a)-2)113and for a two-sided interval choose y 
= {0.5(1 - a)-, a(5/4 - a))Il3. For the ex- 
ample presented in the subsequent section, a 
= 0.10 is set for a two-sided interval. A nat-
ural choice for J is 999. However, there is no 
nearby K that meets the integer-divide re-
quirements. Another natural choice is J = 
1,999, for which optimal K is 245.76. There- 
fore, J = 1,999 and K = 246 are used, whose 
product more than suffices for the order of 
magnitude requirement. 

Shi's Double Bootstrap 

The usual double bootstrap cannot be exe-
cuted if a pivot is not available, in which case 
Shi proves that the correct unpivoted confi- 
dence interval is given by 

where k: is the empirical distribution of F 
based on a sample of size n and 8 is an es- 
timate of the correction factor by which the 
critical value must be adjusted so that it has 
size a. The inner probability Q* = P@** 5 
81F:) in equation (6) shows precisely how 8 
is determined. Shi proves that his one-sided 
bootstrap confidence limit has coverage error 
at least O(lln), which is the same as the one- 
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sided pivoted single bootstrap interval. The 
two-sided interval has even faster conver-
gence. The coverage error of Shi's double 
bootstrap is better than the percentile method 
and no larger than the more computationally 
~omplex single bootstrap methods such as (ac- 
celerated) bias-correction. Moreover, Shi's 
double bootstrap does not rely on normality 
assumptions to effect transformations, nor 
does it require higher moment calculations 
that can be extremely imprecise for small sam- 
ples. Thus, when a pivot is not available, Shi's 
double bootstrap is preferred over the more 
sophisticated single bootstraps. Shi's Monte 
Carlo study demonstrates that the double 
bootstrap produces more reliable confidence 
intervals than single bootstrap methods with 
no pivot. 

The double bootstrap confidence interval 
with no pivot is constructed as follows. In- 
stead of forming Z,, form Q, as follows: 

noting that Q, E [0,1] and is asymptotically 
symmetrically distributed if the model is cor- 
rectly specified. Let the ordered values be e, , ) ,  
Q,,,, . . . , Q,,). Define 1 = [J  . Q,,,,] and u = 
[J  . Q,,,,,]. Shi's 95% double bootstrap con- 
fidence interval for p is [2;), X;)]. 

In more general situations, replace the ini- 
tial, single and double bootstrap estimators % 
27, and 2;* of p, the population parameter, 
with estimators 6,6,?, and 6$* of the parameter 
of interest, 0, and proceed in the same fashion. 
In the case of estimating substitution elastic- 
ities from a translog production function, a 
stable pivot is not available, so the usual dou- 
ble bootstrap is not applicable. However, Shi's 
double bootstrap is applicable. On the initial 
regression obtain an estimate of the desired 
elasticity and denote it 8. On first- and second- 
stage iterations obtain 87, 8$*, and Q,, and 
proceed as above to determine the double 
bootstrap confidence interval. McCullough 
and Vinod (1998) apply Shi's procedure to 
translog estimation, and also double bootstrap 
a nonlinear estimation problem using David- 
son and MacKinnon's (1998) artificial re-
gressions method for decreasing computa- 
tional time when bootstrapping nonlinear re- 
gressions. The next section applies Shi's dou- 
ble bootstrap to obtain confidence intervals 
for flexibility estimates. 
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Application to Waugh Data 

For comparison with previous work (DKS; 
Miller, Capps, and Wells) this method is ap- 
plied to Waugh's demand study. Waugh uses 
ordinary least squares (OLS) to estimate price 
and income flexibilities for potatoes, sweet 
potatoes, tomatoes, grapefruit, apples, and 
beef, with demand equations of the form 

where P, Q, and M are price, quantity, and 
income. The subscript t denotes the annual 
time series observations from 1948 to 1962 
except in the case of tomatoes, 1950 to 1962. 
With price as the dependent variable, the es- 
timated price flexibility is ~ , ( Q I P )  where Q 
and P are the estimated means. 

To derive confidence intervals for these 
flexibilities, Miller, Capps, and Wells use sim- 
ulations based on a normal error. DKS use 
Fieller's interval, the delta method, and three 
versions of the single bootstrap: percentile, 
bias-corrected percentile, and accelerated. 
DKS find that the three bootstraps all have 
approximately the same coverage and that the 
difference between nominal and actual cov- 
erage is greater for the bootstrap than for the 
other two methods. We use Shi's double boot- 
strap. 

Only small differences between the single 
and double bootstrap intervals are anticipated 
for two reasons. First, DKS note that the de- 
gree of bias in Waugh's estimates is not ap- 
preciable (p. 101 1). Because the double boot- 
strap makes this bias correction more readily 
than the single bootstrap, the difference be- 
tween the single bootstrap and the double 
bootstrap is not likely to be appreciable. Sec- 
ond, the double bootstrap yields better cor- 
rection for non-normality of the statistic. 
However, in this case, the various statistics 
are all approximately normally distributed. 
The single bootstrap distributions of the sta- 
tistics are analyzed, and not one 'rejected the 
hypothesis of normality by the Jarque-Bera 
test. In summary, if the estimator is non-nor- 
ma1 and its bias is non-negligible, the double 
bootstrap is expected to offer appreciably dif- 
ferent intervals compared to the single boot- 
strap. Thus, the Waugh data provide a con- 
servative test for the improvement of Shi's 
double bootstrap over the single bootstrap. 

The model is 

Amer. J .  Agr. Econ. 

where E[EE']= u2Z with P, E ,  and uZ, respec- 
tively. The matrix of regressors X is fixed and 
the dependent variable comprises observa-
tions on a random variable Y with mean p and 
finite variance. y is Waugh's P series, and X 
corresponds to the matrix formed by Waugh's 
constant, Q and M series. Thus, the true flex- 
ibility of Y with respect to the ith independent 
variable Xiis q,, = Pgjlcl., which is estimated 
by fj,,, = b & / ~  where Y is the mean of the 
vector y and x is the mean of the ith column 
of X. For notational convenience, the p,i no-
tation is suppressed, and we consider the case 
of an individual flexibility. 

The regression in equation (9) yields least 
squares estimates b and e of p and E,respec-
tively, and the flexibility estimate fj .  Proceed-
ing to the first-sta e bootstrap, the residuals 
are scaled by \P-- k) where n is the number n(n 
of observations and k is the number of col- 
umns of X. On each first-stage iteration j a 
bootstrap replicate of the dependent variable 
is formed by 

where e: is an n-vector of bootstrap residuals 
drawn from rescaled e by random uniform 
selection with replacement. The regression of 
y,+ on X yields first-stage bootstrap estimates 
of the coefficients, b,+, and the flexibility, 
fj,*,j= 1 , , 2, . . . ,  J .  

On each first-stage iteration, K second-
stage iterations are performed as follows. The 
second-stage bootstrap residuals e$* are 
formed by random uniform selection with re- 
placement from e:. The second-stage repli- 
cate of the dependent variable is y$* = b,+X
+ ej*.  Regressing yz* on X yields second- 
stage estimates of the coefficients, b$*, and 
the flexibility, q$*. On each first-stage itera- 
tion j one value of Q,* is computed as follows: 
Q,* = #(fj$* 5 fj)lK, k = 1, 2 , .  . . , K. Com- 
pletion of all bootstrapping operations yields 
two j-vectors, bootstrap estimates q *  and in- 
ner probability estimates Q*. The program is 
written in RATS v4.2 and takes approximately 
forty minutes on a 90-MHz Pentium. 

Double bootstrap confidence intervals for 
Shi's method are obtained using the estimates 
q *  and Q*. Sort 4* in ascending order and 
let the ordered values be f j,,,, fj,,,, . . . , fjO. In 
the case of a 90%income flexibility for grape- 
fruit, the percentile single lower limit is given 

-by fjl:;,,,,,,, - fi;rn, = 0.2658 and the upper 
-limit is given by fj$,,,,, ,,,,- fj$,m, =. 0.78592. 

Q* can be used to obtain a more reliable con- 
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Table 1. Ninety Percent Bootstrap Confidence Intervals for Flexibilities 

Price Income 

Single Double Single DoubleCommodity 

Potatoes 
Sweet potatoes 
Grapefruit 
Apples 
Tomatoes 
Beef 

fidence interval from 4. Sort Q* in ascending 
order: Q;,, Q$,, . . . , Q&. Because J = 1,999, 
0.05(J + 1) = 100 and 0.95(J + 1) = 1,900, 
so QXoo, = 0.060 and Q;,,, = 0.972. Thus, 
the lower limit will be qI:;+l,o.,l -- ?&,) = 

-0.28505 and the upper limit is .il~J+l)o,9721-
4fi,944,= 0.821 58. Similar calculations provide 
single and double bootstrap 90% confidence 
intervals for price and income flexibilities for 
the commodities studied by DKS, which are 
presented in table 1. The discrepancy between 
the single bootstrap intervals in table 1 and 
those of DKS can be attributed solely to the 
difference between their J = 500 and our J 
= 1,999. That the single bootstrap and double 
bootstraps are close confirms the DKS sim- 
ulation result that the extent of the bias is 
negligible and our conclusion of the approx- 
imate normality of the statistics. 

The effect of the second stage can vary. 
The single bootstrap interval can be left-shift- 
ed (potatoeslprice) or right-shifted (grapefruit/ 
income). In the case of sweet potato income 
flexibility, the interval is expanded by almost 
10% of its length. The double bootstrap can 
produce different answers than the single 
bootstrap, and there is theoretical support that 
the double bootstrap is better. As a practical 
matter, a Monte Carlo study is employed to 
determine whether the double bootstrap really 
does produce more accurate confidence inter- 
vals. 

Monte Carlo 

Shi's double bootstrap modestly adjusts the 
single bootstrapped intervals reported by 
DKS. However, does this modest adjustment 
matter in a practical sense? Because DKS's 
Monte Carlo study is designed to answer the 
question, Does the interval achieve nominal 
coverage? their Monte Carlo design is used: 
500 replications per experiment; two com-
modities, beef and tomatoes; and five error 

distributions, the standard normal, and beta 
with parameters (1.0, 1.0), (1.5, 1.5), (5.0, 
5.0), and (1.5, 5.0) renormalized to have zero 
mean and unit variance. DKS chose these two 
commodities because tomatoes (beef) is most 
(least) likely to satisfy the Hayya, Armstrong, 
and Gressis conditions for the estimated flex- 
ibility (which is a ratio of random variables) 
to be distributed normally. This is a judicious 
choice, as demonstrated by the fact that while 
DKS find all three bootstrap varieties fail to 
achieve nominal coverage, the Fieller and 
Taylor intervals fail only for beef but achieved 
nominal coverage for tomatoes. 

For each replication, nominal 90% single 
and double bootstrap intervals are computed, 
and for each experiment the number of times 
the calculated interval covers the true param- 
eter is counted. With the double bootstrap pro- 
gram used in the previous section taking forty 
minutes to run, at 500 replications, each of 
the twenty experiments would take fourteen 
days because the regression command was in- 
voked for each regression, thus inverting the 
X'X matrix JK times. For the Monte Carlo 
analysis, a useful artifice decreases compu- 
tational time when standard errors of the co- 
efficients are not needed, as with Shi's double 
bootstrap. Instead of using the regression 
command JK times, one time we calculate P 
= (XtX)-IX', form y,? and y$* in the usual 
fashion, and form b,? and b$* as Py,? and 
Py$*, respectively. This decreases the com- 
putational time from forty minutes to less than 
eight minutes, allowing the entire Monte Car- 
lo study to be completed on a single computer 
in about eight weeks rather than forty. Be- 
cause the time required to invert X'X increases 
proportionally to the square of the number of 
observations, the time savings will be even 
more dramatic for larger sample sizes. 

DKS compare percentile, bias-corrected, 
and bias-corrected accelerated bootstraps. We 
rely on the DKS result that the three single 
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Table 2. Monte Carlo Results-% 
tions 

PriceError 
Distribution Single 

Amer .  J .  Agr .  Econ.  

Coverage for Nominal 90% Intervals, 500 Replica- 

Income 


Single Double
Double 

Tomatoes 
88.0 (- 1.49) 
89.4 (-0.45) 
89.4 (-0.45) 
89.2 (-0.50) 
87.0 (-2.24)* 

Beef 
89.8 (-0.19) 
87.6 (- 1.79)* 
90.6 (0.45) 
90.4 (0.30) 
90.8 (0.60) 

Note: In parentheses, t-statlstlc for H,,: actual coberage = 0.90. . \ t e r i \ k  denote\ rejection at 10%. 

bootstraps all achieved approximately the 
same level of coverage. Thus, only the per- 
centile bootstrap is compared to Shi's double 
bootstrap. Results are presented in table 2. 

As in DKS, for each experiment the null- 
hypothesis that the true coverage equals the 
nominal coverage of 90% at the 10% signif- 
icance level is tested with the t-statistics in 
parentheses, with significance denoted by an 
asterisk. The failure of the single bootstrap to 
achieve nominal coverage (H,rejected nine 
of ten times for tomatoes and eight of ten for 
beef) comports with the DKS study. For pur- 
poses of comparison, recall that DKS find that 
the Fieller and Taylor series achieved nominal 
coverage (each covering nine of ten times) for 
tomatoes, the case most favorable to the Hay- 
ya, Armstrong, and Gressis conditions, while 
each failed to cover in six of ten times for 
beef. Shi's double bootstrap, by contrast, cov- 
ers nine of ten times for both tomatoes and 
beef. 

Conclusions 

Elasticity and flexibility estimation is crucial 
to empirical economic analysis. However, 
generating confidence intervals for elasticities 
and flexibilities can be problematic. A double 
bootstrap procedure is proposed as an im-
provement to interval generation. Shi's double 
bootstrapping method has superior coverage 
and consistency properties, as compared to 
single bootstrapping methods. Shi's method is 
demonstrated with an application to Waugh's 
classic study of demand, for which the bias 

is small and the sampling distribution of the 
parameters is approximately normal. Because 
the double bootstrap yields an improvement 
over the single bootstrap that is proportional 
to the degree of bias and non-normality, the 
use of the Waugh data implies a conservative 
assessment of the double bootstrap's perfor- 
mance. Shi's method modestly adjusts the sin- 
gle bootstrap intervals. A Monte Carlo study 
shows that Shi's double bootstrap achieves 
nominal coverage while the single bootstrap 
does not. Because pivoting transformations 
are frequently not available, Shi's method can 
both improve upon and extend confidence in- 
terval generation not only for elasticity and 
flexibility estimates but for any case when a 
pivot is not available and the usual double 
bootstrap cannot be applied. 

[Received July 1996; 
accepted October 1997.1 
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