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ABSTRACT

Derivation of prediction intervals in the k-variable regression model is
problematic when future-period values of exogenous variables are not
known with certainty. Even in the most favourable case when the forecasts
of the exogenous variables are jointly normal, the distribution of the
forecast error is non-normal, and thus traditional asymptotic normal theory
does not apply. This paper presents an alternative bootstrap method. In
contrast to the traditional predictor of the future value of the endogenous
variable, which is known to be inconsistent, the bootstrap predictor
converges weakly to the true value. Monte Carlo results show that the
bootstrap prediction intervals can achieve approximately nominal
coverage.
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INTRODUCTION

Derivation of prediction intervals when the values of the exogenous variables in the prediction
period are known with certainty (i.e. conditional prediction) is straightforward: under
traditional assumptions the forecast error variance is distributed normally or with Student’s-z.
If, however, the values of the exogenous variables in the forecast period are not known with
certainty, e.g. estimates must be used in place of the true values (i.e. unconditional
prediction), then traditional analytic methods fail. Even when the model is linear, the
dependent variable is normal and the exogenous variables are jointly normal, the distribution
of the forecast error is non-normal even in large samples due to the stochastic nature of the
estimates of the exogenous variables in the future period (Feldstein. 1971). Failure of the
forecast error to converge to a normal variable means that the usual Student’s-t or standard
normal tables cannot be used to construct prediction intervals. A casual survey of
econometrics texts suggests that most do not mention the subject of determining consistent
prediction intervals for a dependent variable when the independent variable is an estimate,
although a few simply cite Feldstein and say that it can’t be done. Non-normality of the
forecast error, though, is not the only difficulty.
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The recent survey of prediction intervals by Chatfield (1993, p. 131) makes the point that one
problem with the current state of determining prediction intervals is that ‘exogenous variables
may have to be estimated’ and the prediction interval ‘will not take into account this additional
uncertainty’. In practice, researchers often simply assume that the estimated valués of the
independent variables in the forecast period are non-stochastic and that the forecast error is
normal. In terms of coverage, anecdotal evidence suggests
that omitting this variation is at least as serious as the non-normality of the forecast error. The
results of this paper suggest that it is much more serious than non-normality. While traditional
methods cannot accurately reflect this additional uncertainty, researchers do not always ignore it.
An ad hoc approach which attempts to capture the additional uncertainty due to estimation of
exogenous variables nonetheless assumes a normal forecast error.

This paper proposes a bootstrap method of generating consistent prediction intervals for
stochastic independent variables which does not assume normal forecast errors and explicitly
incorporates the additional uncertainty due to estimation of exogenous variables. Efron’s (1979,
1982) ‘bootstrap’ generalization of Quenouille’s (1949) ‘jackknife’ is particularly well suited to
the problem of constructing prediction intervals. In fact, the bootstrap methodology allows
consistent estimation of the distribution of a future value, so that intervals for a prediction may
be obtained; in this way Thombs and Schuchany (1990) bootstrap forecast intervals for
autoregressive processes. Freedman and Peters (1985) use the bootstrap to evaluate competing
forecasts. Butler and Rothman (1980) derive prediction intervals based on the cross-validation
method. Stine (1985) derives prediction intervals for the regression model on the assumption of
fixed independent variables and finds near-nominal coverage for a variety of non-normal error
terms, despite the concomitant non-normality of the forecast error.

Bootstrap intervals possess many attractive features. If the bootstrap is consistent with the
model, then the bootstrap will give the same asymptotic result as classical methods (Freedman,
1981; Singh, 1981), and under mild conditions the performance of the bootstrap in the linear
regression model is always at least as good as the classical approximation (Navidi, 1989). In
certain circumstances the rate of convergence of the bootstrap confidence intervals is faster
than classical methods (Beran, 1988a; Hall and Martin, 1988) and certain transformations such
as Studentizing can yield bootstrap confidence intervals which have error in rejection probability
an order of magnitude smaller than classical methods (Efron, 1987; Beran, 1987). Moreover, in
certain situations the bootstrap is applicable where traditional methods fail. For example, Beran
(1988b) uses the bootstrap to determine balanced confidence cones for sample eigenvectors
which, even in the Gaussian model, are analytically intractable. Brownstone (1990) applies the
bootstrap to Stein-rule estimation of principal-components. Krinsky and Robb (1986) use the
bootstrap to estimate confidence intervals for elasticities in a translog production function. Aczel
and Josephy (1992) bootstrap the sample autocorrelation function to conduct simultaneous
inference for ARIMA identification. Other applications are mentioned in the survey by Vinod
(1993).

This paper is another bootstrap solution to an analytically intractable problem. The next
section outlines the problem of generating unconditional forecast intervals and recapitulates
Feldstein’s (1971) demonstration that classical methods are not capable of consistently
estimating unconditional prediction intervals. The third section motivates the bootstrap and
shows its validity in the context of prediction. In contrast to the asymptotic normal approach,
the bootstrap distribution of the forecast converges to the distribution of the future value. The
fourth section presents Monte Carlo results which show that bootstrap prediction intervals
achieve approximately nominal coverage The fifth section applies the method to real data. The
final section offers conclusions.
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THE MODEL

Let y=XpB+u wherey is an nx 1 vector of observations on the dependent variable, X is an
" nxk matrix of explanatory variables whose first columns is units, B is a kx1 vector of
unknown parameters, and u is an nx 1 vector of iid. errors with mean zero and common
distribution function F,(-). The value of the dependent variable in the future forecast period is
yr=X; B+ u; where x; is a 1 x k vector of observations on the explanatory variable} in period f.
Define the distribution of y, by G(y)=P{y;< y). The prediction problem, in terms of a
100(1 - @)% confidence interval, is to find lower and upper limits L and U, e.g. L(y) =G ' (a/
2) and U(yp) = G"'((l —51)/2), such that P{Lsy,sU}=1-a.In practice, the sample is used
to find estimates L and U of L and U. If x, is known with certainty, then the forecast of the
dependent variable is §;=x/b where b= (X'X)"'X'y. Since x,is fixed and b is (asymptotically)
normal, J, is (asymptotically) normal and so is the forecast error which is given by

ef=yf—yf aM
=x,b—xfﬂ— Us 2)
=x/b- f)-u, 3)

and which reveals two sources of variability in the prediction: sampling error and random error.
The forecast error variance is given by

ot = o2 +x} var(b)x, e}

If the error u, is normal then the forecast error is normally distributed then the estimated
prediction confidence limits are L(y,) = yy—tap2* 5 and U(y)) = J;+1ap- Sy Where Els]=07}
and ¢,/, is the upper 1- a2 percentile of Student’s t-distribution with n—k degrees of
freedom. If the u, is non-normal then the forecast error is non-normal and Student’s ¢ no longer
applies; this is the case considered by Stine (1985). We turn now to consideration of stochastic
Tregressors.

When x; is not known with certainty and instead is estimated by %, as in the case of
predicting y using forecasts of the exogenous variables, following Feldstein (1971) let

Yr=X;B+u; (5)

where u;~F,(-), vi~F,(), u and v, are uncorrelated, E[uf]=E[v,]=0, and
E[®R;-x)(b- B)1=0. The forecast of yis

J=%b Q)

However, even if F,(-) and F ,(-) are normal, the forecast ¥, will be non-normal, and traditional

theory will not be applicable, even asymptotically. This is because J; is not a linear combination

of normal variables (as in the previous case) but is the sum of products of normally distributed

random variables (assuming the exogenous variables are jointly normal). The product of normal

variables is non-normal. Moreover, the distribution ¥, does not converge to the distribution of

the true future value, y;; it converges instead to the mean of the distribution of y, (see Harvey,
1990, §2.5).

The forecast error now is

e;=Jr= Y5 )

=Rkb-xB-u; )]

=x/(b-p)+vhb-u, (10)
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which clearly differs from equation (3). Note that (10) reveals three sources of variability in the
prediction: sampling error, error in the prediction of the exogenous variables, and random error.
The not-uncommon practice of pretending that an estimated exogenous variable is not an
estimate so that normal theory may be applied ignores the v b term in equation (10), and thus
leads to the determination of imprecise prediction intervals. From equation (10) the forecast
error variance is

o7= 02+ x;var(b)x,+ f var(x;) + tr[var(b)var(x,)] .(1 D

which reduces to equation (4) in the case that x, is known with certainty, ie. 62=0 so that
var(x,)=0.

The problem with a traditional asymptotic approach now is evident. A question of great
import is: How can we obtain consistent prediction intervals? The answer is: use the bootstrap.

THE BOOTSTRAP

For expositional purposes, we briefly consider the case of bootstrapping an estimate of a
parameter; a more detailed discussion may be found in McCullough and Vinod (1993). Let {x,}
be an i.i.d. random sample of size n with distribution F(8, n) and let 6 be a consistent estimator
of the parameter 6. Denote the lower and upper a/2 and 1 - a/2 percentiles of F(-) by L(F)
and U(F), respectively. A confidence set of level 1 — a for the parameter 6 is

{teT: L (F)< 0<U,(F)} (12)

where T is the set of all possible values of 8.

For each of B bootstrap iterations, randomly sample {x,} with replacement from a uniform
distribution to form a bootstrap resample {x"} and calculate a bootstrap estimate 6. Define the
bootstrap estimate of the distribution F(-) to be F* 6)= #(0 < 0)/B _Seemingly natural
bootstrap estimates of the lower and upper limits might be L*=F*- (af2) and
17* F" '(1 - @/2). However, such bootstrap estimates usually are not satisfactory because
6* -6 is not pivotal for F* within the probable range of F (Hinkley, 1988, §4). A more
satisfactory approach is to construct an invertible pivot Q(8, n, §) with S containing ancillary
information. For example in the case of estimating the mean of a normal distribution, (¥ — u)/
s is pivotal, where s is the sample standard dev1at10n The assoc1ated bootstrap estimate of this
pivotal quantity would be 0% = (£* - £)/s™ where #* and s™ are the mean and standard deviation
of the bootstrap resample. ' .

Let Q(-) have distribution H(-), the bootstrap estimate of which is H*(Q)=#(0" < Q)/B.
The bootstrap estimate of the 1 — a confidence set for Q(-) is

(teT: H*Y(a/2)<s Q)< H* (1 - a/2)) (13)

The improvement in the reliability of inference is due to the fact that the distribution H(-) of
the estimated pivotal quantity Q(-), unlike the distribution F(-) of , does not depend upon the
unknown parameter 6. The confidence set (13) for the pivotal quantity Q _implies a confidence
interval for 6 which can be had by inverse transformation, L(8)=0'[H*"'(a/2)] and
U(8)=0Q'[H*'(1- a/2)]. Since bootstrap distributions are empirical, in practice this
transformation is quite easy to effect. Let 0,, b=1,..., B, represent the unsorted bootstrap
pivotal quantities. To each Q,, there is associated a pamcular bootstrap estimate 8, +. Let 0,
b;=b,,..., b, represent the sorted values, so that OF b and 0’ », are the lower and upper
percentxles of interest. The confidence limits for 6 are simply 6 » and 6,,
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Turning now to the problem of prediction, it is desirable that the bootstrap mimic the
behaviour of the observed dependent variable. To capture all three sources of error as identified
in equation (10) we proceed as follows. Regress y on X to obtain least squares estimates § and
rescaled residuals &= Vn/(n — k) (y - §) which provide an estimate F, of F,. Generate y.,a
bootstrap replicate of y as y; =¥+ &, i=1,..., n, where 4; is a random uniform draw with
replacement from E, Regress y* on X to obtain a bootstrap estimate of the vector of
coefficients, b* = (X'X)'X'y". For a given vector of predictions on the exogenous variables,
&, such that & f1> X;, generate a bootstrap prediction of y or, equivalently, a bootstrap estimate
of y;, as

Vi =b*%,+ (14)

where 127 is a random uniform draw with replacement from F,. This bootstrap forecast
incorporates all three sources of variability in the model. The bootstrap coefficient estimates b
reflect sampling error in the estimation of B. The forecast X, captures uncertainty regarding the
future values of the exogenous variables. Finally, 1’4’; incorporates random error in y, For
clarity, note that if &, in equation (14) is replaced by a known value X/, then G estimates the
distribution of the conditional prediction. If, further, the term ﬁ’; also is dropped, then G~
estimates the sampling distribution of the conditional mean of the prediction. If instead i;‘ is
kept and ﬁ}‘ is dropped, then G* estimates the sampling distribution of the unconditional mean
of the prediction. ,

Bootstrap prediction intervals are based on a pivot for the forecast (see Spanos, 1986, p. 403)
as follows:

0*= G} -90/s; (15)

where s’; is the estimate of the forecast standard error from the bootstrap regression. In practical
applications this transformation often is referred to as ‘Studentizing’ rather than ‘pivoting’.
Repeat this procedure a large number of times B to obtain the bootstrap estimates of the
distributions of Q™ and y}“. Sort Q™ in ascending order, and reorder y}’ based on the sorted
elements of Q. Elements 50 and 950 of the reordered y}'k constitute a 90% confidence interval
for y, if B=999, say. The large sample validity of this procedure depends on the extent to
which the bootstrap distribution G (y) = #{y; <y)/B approximates the true distribution G(y).

We now show that G*(y) converges weakly to G(y), where 23 denotes convergence in
probability and 4, denotes convergence in distribution.

Theorem _
Let %, be a consistent estimator of x,. Then G*(3) 5 G ().

Proof
Freedman (1981) has shown that b* B a constant. Since X —"-)xf it follows from Crameér’s
Theorem that b*& 2> Bx . Freedman (1981) also proved 8" > u. Hence, /b” + wix p+u,ie.

»d

¥; = ¥y Mutatis mutandis, this covergence also applies to the associated pivotal quantity. Q.E.D.

MONTE CARLO SIMULATIONS

In this section we present the results of a Monte Carlo study of the bootstrap method of
generating prediction intervals for various sample sizes n, error distributions for the forecast of
the endogenous variable, u, and the accuracy of the estimate of the independent variable, v,.
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Three types of intervals are considered: asymptotic normal, an ad hoc approach, and the
proposed bootstrap method. For computational ease we consider

Yi=a+Bx;+u; (16)

where u;~ F(-) so that y,=a +Bx;+ u;, and £= xp+ v, with v,~N(0, 02), noting that this is
easily generalized to a matrix of & right-hand side variables (Freedman, 1981).

By draws from a pseudo-random number generator, we construct a series {x} of lengt}) n+1
with x;~N(10, 02). From equation (16) with B =1.5 we generate the series {y} of length n+1
with pseudo-random errors F,. Regress y on x to obtain coefficient estimates &, B, and a vector
of residuals . Let %, be the predictions of the exogenous variables in the forecast period, so the
asymptotic normal predictional intervals, calculated on the assumption that the right-hand side
variable is fixed, are given by

Ftops 17

where j=a + B, 57 = s2(1+R(X'X) "'%,) and s? is the standard error of the estimate.
For purposes of comparison, prediction intervals determined according to an ad hoc method
(Pindyck and Rubinfeld, 1991) are calculated as follows:

(1) Calculate the 100(1 — a/2)% prediction intervals assuming X to be known and equal to two
standard deviations above and below the estimated %, i.e. construct the prediction intervals
associated with yy= & + B(£; + t,/,5,) and y2= @ + 8 (B = top25,).

(2) Define the prediction interval to be the union of the two intervals,

While this method has no theoretical justification, compared to simply treating £, as fixed, it
does have the desirable property that the length of the prediction interval is proportional to the
variance of {x}. In this regard, such an interval is an improvement over assuming x fixed and
attempts to capture the v b term in equation (10).

Calculation of the bootstrap prediction intervals is rather more tedious. Rescale and shuffle
the residuals to form a vector of bootstrap errors i)' Form §7 =@+ fx+0a*. Regress § on x to
obtain bootstrap estimates of the coefficients, df and ,Bj* for B bootstrap iterations,
Jj=12,...,B. To form the bootstrap estimate of the forecast, at each iteration j we need a
different estimate of the value of the independent variable in the forecast period, denoted .
The bootstrap estimate of the forecast at iteration jis

-3 * X A 5%
Yr=a; +p;x;+ v (18)

where 12; is a random element from ﬁj"

A seemingly natural estimate of the independent variable in the forecast period might be the
mean of a bootstrap resample of x. However, the variance of the sample mean is an order of
magnitude smaller than the variance of x;, and will cause y* to be less dispersed than y, leading
to small and incorrect prediction intervals. In particular, the Theorem requires that
Elvar(£)] = var(x,) and this will not be true if #= ¥ since Efvar(x)] = var(x,)/ n. Therefore, we
take i to be a random uniform draw from x. Observe that equation (18) contains all three
sources of forecast variability: sampling error, random error, and error in the prediction of the
independent variable.

Three types of random error terms are considered. First, we let F «~N(0, 1) to represent the
ideal case. To consider the bimodal case, let a be a discrete random variable taking the values 0
and 1 each with probability 0.5, F,~N(-1,0.7071) and F,~N(1,0.7071) so F,=aF, +
(1-a)F, has zero mean and unit variance. To represent the skew distribution, let
F,~273"[y2— 4] where ¥’ is a chi-square distribution with four degrees of freedom so that F,
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is a chi-square with four degrees of freedom rescaled to have unit variance and relocated to
have zero expected value. All regressions are performed on n observations, the (n+ 1)th
observation on y, denoted y;, held back for comparison with the prediction intervals.

For a given type of random error and sample size we conduct a Monte Carlo experiment
consisting of 1000 simulations. For each simulation we construct prediction interval three ways:
(1) using the asymptotic normal method and (incorrectly) assuming the independent variable to
be fixed; (2) using the ad hoc method; and (3) using the pivoted bootstrap based 'on B =999
bootstrap iterations. The bootstrap prediction interval is given by those values of y; associated
with the order statistics 50 and 950 of the Studentized bootstrap distribution, Q~, for a 90%
interval, order statistics 25 and 975 for an 95% interval. Having generated the various intervals,
we then determine prediction interval coverage by counting the number of times out of 1000
that each confidence interval contains observation (7 + 1) on y. The program is written in RATS
v4.2 (Doan, 1994) and takes approximately 90 minutes to run. Simulation results are presented
in Tables I and II, which report on 90% and 95% intervals, respectively. Each table shows the
mean interval length U1 L(-) and coverage for sample sizes n= 10, 25, 50, 100 and error
variances o, = 1.0, 2.0.

Examination of Tables I and II is instructive. The size of the error in the estimation of the
independent variable does not seem to affect coverage very much. The bootstrap tends to
undercover while the ad hoc method tends to overcover. Yet except for the cases n=10, the
extent of bootstrap undercoverage is always less than the corresponding ad hoc overcoverage.
The type of error distribution does not much affect the coverage, which comports with the
results of Stine (1985) for the fixed-regressor case. Together with the severe undercoverage of
the asymptotic normal approach, this more than confirms Chatfield’s (1993) observation on the

Table . 90% Mean interval lengths, coverage in parentheses

0,=10 0,=2.0
n= Normal Ad hoc Bootstrap Normal Ad hoc Bootstrap
Normal
10 3.83 (674) 9.26 (981) 5.71 (824) 3.83 (439) 14.67 (955) 9.63 (810)

25 3.49 (668) 8.58 (974) 5.84 (877) 3.49 (410) 13.67 (961) 10.18 (870)
50 3.38 (638) 8.39 (974) 5.94 (882) 3.38 (403) 13.40 (956) 10.34 (864)
100 3.34 (627) 8.30 (979) 5.93 (889) 3.34 (395) 13.25 (965) 10.38 (889)

Mixture

10 4.73 (738) 10.19 (965) 6.27 (824) 473 (512) 15.64 (951) 10.04 (812)

25 4.28 (719) 9.41 (976) 6.37 (882) 4.28 (464) 14.53 (966) 10.55 (877)
50 4,14 (671) 9.15 (983) 6.36 (877) 4.14 (445) 14.19 (960) 10.64 (880)
100 4,07 (686) 9.05 (973) 6.38 (891) 4.07 (481) 14.02 (954) 10.65 (885)
Skew
10 3.69 (656) 9.19 (966) 5.73 (817) 3.69 (418) 14.64 (959) 9.56 (814)
25 3.41 (632) 8.54 (972) 5.84 (867) 3.41 (410) 13.69 (961) 10.16 (851)
50 3.34 (631) 8.34 (979) 5.88 (894) 3.34 (431) 13.34 (955) 10.23 (872)

100 3.32 (651) 8.30 (976) 5.89 (889) 3.32 (419) 13.28 (958) 10.39 (886)
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Figure 1. Distribution of predictions. Bars: bootstrap with independent variables not fixed. Solid line:
bootstrap with independent variables fixed. Dashed line: asymptotic normal distribution

the empirical distribution of the dependent variable in the forecast period will be estimated
incorrectly. If at all possible, the covariance structure of the estimates of the independent
variables in the forecast period should mimic the covariance structure of the X matrix. In
practical applications, though, this will not always be possible.

CONCLUSIONS

Feldstein (1971) demonstrated the problematic nature of determining accurate prediction
intervals when the values of the independent variables in the forecast period are not known with
certainty. Further progress on determining accurate prediction intervals when the exogenous
variables must be estimated was prevented since the traditional predictor does not converge in
distribution to the future value of the dependent variable. This paper proposes a bootstrap










