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Abstract. The single bootstrap already is popular in economics, though the double bootstrap has
better convergence properties. We discuss the theory and implementation of the double bootstrap,
both with and without the pivotal transformation, and give detailed examples of each. One example
is a nonlinear double bootstrap of a Cobb-Douglas production function, and explains the use of
Gauss-Newton Regressions as a device to decrease computational time. Another example is double
bootstrapping elasticities from a translog production function.
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1. Introduction

In economics, perhaps the most widespread example of the substitution of compu-
tational power for analytic theory has been the use of the single bootstrap, which
requires the economist to run hundreds of regressions. Recent advances in sta-
tistical theory and ever-faster computers have opened up a still more powerful
computational substitute for analytic theory: the double bootstrap, which requires
the economist to run hundreds of thousands of regressions. The purpose of the
present paper is to help add the double bootstrap to the economist’s toolkit.

Efron’s (1982) bootstrap has been well-explored in several statistical texts: Efron
and Tibshirani (1993); Hall (1992); LePage and Billard (1992); Mammen (1992);
Shao and Tu (1995); and Davison and Hinkley (1997). The bootstrap possesses
many attractive features when compared to classical asymptotic normal theory. Itis
applicable under milder conditions and can handle problems which classical meth-
ods cannot solve. Indeed, the bootstrap is preferable to classical asymptotics even
when the classical assumptions are valid since the bootstrap is ‘always at least as
good as, and in some cases better than, the classical normal approximation’ (Navi-
di, 1989, p. 1472). In economics the single bootstrap has been fruitfully applied to
a wide variety of problems, including: Stein-Rule estimation (Brownstone, 1990);
confidence intervals for translog estimates of elasticities (Eakin, McMillen and
Buono, 1990) and supply and demand elasticities (Vinod and McCullough, 1994);
extreme bounds analysis (McAleer and Veall, 1989); ARIMA identification (Aczel
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and Josephy, 1992); AR forecasting (Thombs and Schuchany, 1990; McCullough,
1994); linear regression forecasting with fixed regressors (Stine, 1985; Breiman,
1992), stochastic regressors (McCullough, 1996), and random coefficients (Beran,
1995); and model selection (Veall, 1992). See also the survey by Vinod (1993).

Articles on double bootstrap methods regularly appear in the statistical litera-
ture (Beran, 1987, 1988, 1990; Kuk, 1989; Martin, 1990, 1992; Shi, 1992; Scholz,
1994), though we are aware of only two applications of the double bootstrap in eco-
nomics. The first concerns the simple Keynesian multiplier based on the marginal
propensity to consume (MPC). Vinod and McCullough (1995) estimate confidence
intervals for the multiplier, 1/(1-MPC), from a cointegrating regression of con-
sumption on income, and introduce the use of plots based on the double bootstrap
as a diagnostic tool for econometric modeling. The second application concerns
ridge regression. While it is well-known that ridge regression provides better slope
estimates in the presence of multicollinearity, obtaining accurate confidence inter-
vals was problematic due to the stochastic nature of the biasing parameter. Vinod
(1995) uses the double bootstrap to obtain consistent confidence intervals in aridge
regression, a problem that cannot be solved by either classical methods or the single
bootstrap.

Section 2 motivates the double bootstrap and presents some basic theory along
with an algorithm. While the theory may appear complex, the implementation is
not much more difficult than the single bootstrap, and is much more simple, from
a programming perspective, than some of the more sophisticated single bootstraps
involving bias-correction or acceleration. Section 3 presents our first example, dou-
ble bootstrapping a test of constant returns-to-scale in a Cobb-Douglas production
function with additive error. IfJ is the number of first-stage resamples aid
is the number of second-stage resamples, the double bootstrap call& foon-
linear regressions, a not insubstantial demand on computing time. Davidson and
MacKinnon (1997) show that this double bootstrap can be executed much more
quickly and with no loss of accuracy using only a single nonlinear regression,
aided bymJ K linear regressions, where is a small integer. Section 4 discusses
Shi’s (1992) double bootstrap, a method for double bootstrapping when no pivot is
available. The usual double bootstrap is predicated on the existence of a pivoting
transformation, which could be effected in the first example. In economics there
are many applications when such a transformation cannot be made. Supply and
demand elasticities, and substitution elasticities from a translog production func-
tion are but two such examples. In Section 5 we apply Shi's method to the problem
of obtaining confidence intervals for substitution elasticities from a translog pro-
duction function. We also describe an artifice for substantially reducing the amount
of computer time necessary. Section 6 offers the conclusions.
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2. Theory of the Double Bootstrap

The chief advantage of the double bootstrap over the single bootstrap is that the
double bootstrap confidence interval typically has a higher order of accuracy. For a
sample of size,, an estimatof of a parametet is said to be-th order accurate if its
convergence rate i8(n*/2). For example, suppose a population is non-normal so
that asymptotic arguments are necessaryullst the parameter of interest (say, the
population mean) with standard deviati@rmnd letz ands be estimators thereof,
calculated from the original sample. In the usual situation; x| = O(1/y/n),

so the sample mean is first-order accurate. A confidena@,sef ¢ is said to be

k-th order accurate if

|P{0 € C} — (1— )] = O(n~"?) (1)

where typicallya = 0.05. Continuing the above example, an asymptotic normal
upper one-sided interval for, given by(—oo, z + t, ], is first-order accurate. For
large sampleg,, = 1.64.

Thelevel errorof a confidence set is the difference between the nominal level,
typically (1 — «), and the actual probability that the confidence set contains the
true parameter. The double bootstrap works by adjusting the level error of a single
bootstrap confidence set. We assume the reader is familiar with the single bootstrap,
computational details of which are presented in McCullough and Vinod (1993).
Theoretical reviews are given by DiCiccio and Romano (1988) and Manteiga,
Sanchez, and Romo (1994). R

Consider thepercentile bootstrapin the usual fashion, we can bootstria@
large number of times, saly = 999, and obtain bootstrap estima#gsys, . . . , 6%.
These bootstrap estimates may be sorted to form the empirical cdf with order
statistics 25 and 975 representing lower and upper limits for a 95% confidence
interval for@. Let us call these two quantiti#s and6;;. Beran (1987) has shown
that the asymptotic normal and naive bootstrap one-sided intervals are both first-
order accurate. The accuracy of the percentile bootstrap can be increased via a
pivoting transformation.

Letz, = {X1, Xo,..., X, } be a sample from a distribution with true cHf
which has a parameté: Supposé is a normally distributed statistic. Then the
distribution ofd — @ is normal with mean zero and unknown varianéei.e., the
distribution oféA— 0 depends upor¥' through the unknowmr. By contrast, the
distribution of(§ — 6) /o is standard normal, i.e., it does not depend upoifhe
idea, then, is to usB* = (9* — ) /6™ to approximate? = () — ) /. To this end,
define

to =supt: P(R* <t) < a} 2)

whence the one-sided upper and lower, and two-side@11:0Qv)% intervals are
respectively given by

~

Il = (—OO,H—tAa(AI] (3)
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I, = [é — tA]_,a&, OO) (4)
I3 = [0 — t1_4)20,0 — to26] (5)

The various quantities are computed from the empirical distribution Bf and

we can expect them to be better than similar quantities obtained by looking up
Student’st or standard normal tables. As a practical matter, determining the con-
fidence interval fo is a matter of ‘unraveling’ the root. On theth bootstrap
resample define the root

R (00, 6%) = (6 — 0)/57 (6)

j=1,2,...,J wheref is calculated from the original sample afilands; are
calculated from thg-th bootstrap resample. Let the ordered values, from smallest

to largest, be denoteﬂ* Ry, AZ‘J). Thus the estimates of the critical values
are
fo = Rij(11)0) (7)
ti-a = B{7rya-ay) (8)
tajz = Rijr+1)0/2) (9)
tiaj2 = Rj+1-a/2)) (10)

where|[] is the greatest integer function. For example, if we seek a 90% lower
one-sided interval and = 999 theni;_, = R{100)- Similarly, a two-sided 90%

interval would bgé — R(QSO)U 0 — R(5O) &]. It might seem that the interval should

be[O + R( )a 6 + R*QSO &) (recall thatR ) < 0), but Hall (1988) makes it clear
that such an |ntervaI is mcorrect
Continuing this line of thought, consider use of the studentizing transformation
to form the studentized functional
00

g

R(zy,0) = (11)

where we now emphasize the dependencg oin both the true parameter value
and the sample at hand, as we proceed to the double bootstrap. If the distribution
H(-) of this R does not depend ahthen R is said to be a pivot, otherwise it is a

root in the terminology of Beran (1987). Even if the transformation (11) does not
completely eliminate the dependencdddné, it can decrease the dependence and
yield improved confidence intervals. Henceforth, we refer to such a transformed
statistic as a root, since (11) allows us not to worry whether the dependence
has been completely eliminated. We use an asterisk to denote a theoretical single
bootstrap construct, superscripted for statistics and subscripted for distributions and
confidence sets. We add a circumflex to denote its empirical counterpart. Similarly
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we use two asterisks for double bootstrap quantities. The root (11) implies a one-
sided upper bootstrap confidence set of the form

B.(a,z,) ={0 € © : R*(x,,0) < H; }(1— o, F,,)} (12)

where © is the range ob), H*_l(oz, F) is the a-quantile of H,, and F, is the
empirical distribution ofF".

Beran’s (1987) key insight was to observe that if pivoting once can improve the
order of accuracy of the bootstrap estimates, then pivoting twice can improve it
more. In the same way that the single bootstrap canfiise R to approximate
R — R, the double bootstrap usés* — R* to approximate?* — R. The double
bootstrap improves the accuracy of a single bootstrap by estimating an error, e.g.,
the coverage error of a confidence interval, and then uses this estimate to adjust
the single bootstrap and in doing so reduce its error, thus achieving a higher
order of accuracy as defined in (1). The double bootstrap achieves these goals by
determining a better estimate of

LetT'(F') be some parameter with rangeand letT;, be an estimator based on
n observations with standard deviatiey. Consider the true rod®*(z,, T'(F')) =
(T, — T(F))/oyn, which has cdf H.(z, F') whose a-quantile is given by
H Yo, F) = inf{z : H,(z,F) > o}. The empirical counterparts af¢ (z,, ),
H,(z,, F), and H; Y(a, F). The one-sided single bootstrap confidence set for
T(F) is given by

B.(a,z,) = {t € T: R*(xn,t) < HTY1 - o, )} (13)

The confidence interval fat is obtained by unraveling the pivot.
At the second stage a new raoBt*(-) with cdf H,.(-, F') is formed by using
the first-stage distributio#/, (-) of R*(-) as follows. We define

R* (20, T(F)) = [R* = R*] = H{R" (20, T(F)), F'} (14)
Hence, (13) can be rewritten as
B,(a,x,) = {t € T: R (xp,t) < 1—a} (15)

which, in effect, approximated.... by the the uniform distribution. This leads to a
double bootstrap confidence set based on the newitiot

Boi(a,zn) = {t € T: R*(z,t) < H;}(1— o, )} (16)

Beran’s (1987) argument is th&** is closer to being pivotal thaR*, i.e., the
distribution H,, of R** is less dependent afi than is the distributiorf, of the
root R*. Indeed, by the probability integral transform, whhis exactly pivotal,
R** has cdfH,, which is uniform on[0, 1], with no unknown parameters. If the
root R*(-) is not exactly pivotal but is asymptotically pivotal, then the cdRof(-)

is asymptotically uniform.
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The probability that the tru(F) falls in the confidence sé}, («, x,,) is given
by H..(1— «a, F') which is unknown sincé’ is unknown. However, an estimate of
this probability isH . (1— «, F, ). Following Beran (1987, p. 461) we estimaie,
by defining a new variablg; as the fraction of vaIueSRjz, 1 < k < K} which

are less than}?;f. For sufficiently largeJ and K the empirical distribution function

of Z;,1 < j < J approximatedd.... There will beJ such estimateg; which

will be uniformly distributed on0, 1] if the root is a pivot having a continuous
distribution and is free of the problems of bias, lattice distribution, etc. We will use
this information from the second-stage bootstrap to refine the first stage intervals.
The problem now is to choosgg so thatR** satisfies

H,1—o,F)=1-« (17)

whereas is a new nominal level needed to accomplish the origimdével. In
particular, we find that quantities are now given by

ta = Rij1410u) (18)
t10 = Rir410:_.) (19)
tajz = Bjs11)q,,2) (20)

fa2 = Riirine, /) (21)

where(),, is thea percentile of the vectad.

Unraveling a confidence interval f&(F) from the confidence set (16) is
notationally tedious. Fortunately, it is computationally facile. Some heuristics will
make this critical idea clear. In the same way that pivoting a single bootstrap is
used to refine the naive bootstrap, in the double bootgtrags used to adjusk*
which, in turn, yields a confidence interval fér Suppose thaf = K = 999 and
we seek an upper 95% limit far. If the 95th quantile ofd., is 0.91, say, then we
use the 91st quantile df, as the upper 95% limit foR. Of course, to the 91st
quantile of A, there corresponds sondé¢ which is then used for the upper 95%
limit of 4. Lower limits are similarly computed.

While the theory of the double bootstrap may at times seem daunting, its
implementation is actually quite easy as the following algorithm makes clear.

1. Lety be the dependent variable. Based on the original sample, calculate an
estimated and standard errar(6) for the parameter of interegtand a vector
of fitted valuesj. Form vector of residuals = y — . Where(n — p) is
the number of degrees of freedom, rescale the residualgi(n — p), still
denoting them by.

2. Check to ensure that e is consistent with the true errors being i.i.d., perhaps
by using the Durbin-Watson test. Autocorrelated or heteroscedastic errors can
impair the bootstrap to the point of inconsistency.
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3. A large number of timeg = 1,2, ..., J, ‘shuffle’ the residuals by randomly
resampling with replacement fromto form a vector of resampled residuals
e;. Form a pseuda-vector ag/; = § + ¢j.

4. Calculate a bootstrap estimate of the parameter of intéj;emd its standard
erroro (), and fitted valueg:. Form the roott = (6% — ) /o(6%).

5. For each first-stage bootstrap resamplea large number of timeg =
1,2,..., K shufflee] to formeJ;. Form a pseudg-vector agyj; = §; + €
and cal.culat_@j;; ando(03;). Form the rootizs; = (05 — 07)/o(0%).

6. On thej-th first-stage resample, after &l second-stage operations are com-
plete, letZ; be the proportion of times that!; < R, i.e., Z; = #(R}; <
R;)/K k=12...,K.ltis this variableZ; which will be used to adjust the
first-stage intervals. o

7. After all bootstrapping operations are complete, we have estigigt&s and
Z;,j =1,2,...J. Recall that by constructioff; € [0, 1]. To determine the
upper 95% limit forg, sort theZ; and choose the 95-th quantile; suppose it is
0.91. The 91-st quantile of the sort&; is the adjusted upper 95% limit for
the true rootR*. Similar operations determine a lower limit.

There remains the matter of choosihgndK, the number of first- and second-
stage resamples, respectively. Booth and Hall (1994) provide needed guidance on
the proper choices. For giveh the accuracy of the approximation decreases when
K is too small or too large. For a one-sided interval of el «) the asymptotic
mean square error is proportional to

Mi(J, K) = 20(1 — 20) 7 + (% - 04)2[(_2 22)

the two components of which are in balancefisis of size J%/2. Minimizing

M; subject toJK = L yields J = v1L%% and K = ~v7*LY/3 wherey; =
{a(1—2a)(1/2 — a)?}*3. For a two-sided interval the asymptotic mean square
error is proportional to

My(J,K) = a (2 — a> J 14+ (1-a)PK? (23)

where the two components are in balancéifis of size J¥/2. Minimizing M,
subject toJ K = L yieldsJ = y,L?/% andK = v, *LY® wherey, = {(1/2)(1 —
a)~2a(5/4 — a)}*3. For accurate approximation, the produdt (= L) should

be at least size® wheren is the sample size, and preferably an order of magnitude
larger. Due to the discreteness of the empirical distribution, it is extremely desirable
that(J+1)«, (J+1)/K andK/2 all be integers. Failure to take into proper account
this discreteness can affect the quality of the approximation. For example, while
entry 975 marks the upper 2.5% tailif= 999, whenJ = 499 there is no quantile
which marks the upper 2.5% tail: entry 488 marks the upper 2.4% while entry 487
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marks the upper 2.6% tail. Since there is much latitude in chodsirgJ K), the
latter requirements for integer product and divisors can easily be met.

In the next section we show how the above algorithm can be employed. We
illustrate the use of the double bootstrap to derive a confidence interval in the
situation where the assumptions of classical asymptotic normal theory do not hold.
In particular, the sample size is not large enough to sustain appeal to a central limit
theorem for asymptotic normality.

3. Double Bootstrapping a Nonlinear Model

The Cobb-Douglas production function with additive error is given by
Qr = a1 L’ K + ¢ (24)

and we are interested in testing whether constant returns to scale holdgyi:e.,

0 = 1.0 againsiH 4 : 0 # 1.0 whered = 3+ . Using the 30 observations in Table
12.3 of Judge et al. (1988, p. 512) we run a linear regression on the logarithms,
as if the model had multiplicative errors, to obtain initial estimates. Using these
initial estimates, the nonlinear estimates of the parameters (with standard errors in
parentheses) are easily found todbe- 1.330(0.1289, 5 = 0.723(0.1316),5 =

0.687 (O. 1148) and coyf,4) = 0.0003 so an estimate of the returns to scale
parameter i¥ = 1.409 with standard erra#(6) = 0.1732. Thus an asmptotic
normal 95% confidence interval féris [1.070, 1.749].

From this initial nonlinear regression we obtain a vector of fitted values for the
dependentvariabl@ and vector of (rescaled) residuals. The residuals are shuffled to
forme; and added tQ) to form a pseudo-dependentvariablg, j = 1,2...J. As
initial estimates for this nonlinear regression we s, 4, and obtain a bootstrap
estimate of the returns to scale paraméteiand its standard errog(67), and
fitted values for the pseudo-dependent variagte, Form R} = (0% — 6) /o (67).
If we were to repeat this procedure 1999 times the percentile bootstrap confidence
interval would beld7yy), 71050), OF [1.112,1.804]. The percentiteinterval would
be[f — R{19507 c(0),0 — Ri5o0 o(0)], or [1.061, 1.764].

To implement the double bootstrap, for each first-stage resgimygeshufflec*

to obtaine** and formQ** = Q* + ¢**. Again we use¥, 8,4 4 as initial values and
obtain second-stage estimates of the parameter of interest and its standaﬁgjkerror,

anda(éj,’;) toforma pivotl?;z, fork =1,2,... K. Countthe number of times that

;‘,’; isless tharﬁj and divide this number b to obtainz;. After all bootstrapping
operations are complete, sort the in ascending order. Since we seek a 95%
interval andJ = 1999, we find thaZsp = 0.036 andZ1959 = 0.968. Therefore

appropriate quantiles d¢* are 0036- 2000= 72 and 0968- 2000= 1936, and
the double bootstrap intervid — Ra%@a(e), 0 — R’(*n)a(e)] =[1.078, 1.719].
The histogram of/; can be a useful diagnostic graphic, as advocated by Vinod and
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McCullough (1995). IZ is not uniform, this constitutes evidence that the model is
incorrect. Vinod (1995) gives two examples of non-unifafmA test statistic for
uniformity is —2" In(Z;) which is distributed ag? with 2.7 degrees of freedom
under the null (Stuart and Ord, 193P3.11). In the present example, the value of
the test statistic is 3942.6 which has a marginal significance level of 0.965; hence
we do not reject the hypothesis of uniform Z.

This above program, written in RAT®!.2 took 11 hours to run on a 90MHz
Pentium. However, a recentadvance in bootstrap methodology enabled us to reduce
this to four hours. Davidson and MacKinnon (1997) describe the use of many dif-
ferent artificial regressions, such as the Gauss-Newton Regression (GNR), as a
means of reducing computational time in nonlinear regression without sacrificing
accuracy. In essence, each nonlinear estimation of bootstrap estimates is replaced
by m linear estimations, where is a small integer. Usually: linear estimations
take less time than one nonlinear estimation, and subject to regularity conditions
the GNR bootstrap with one nonlinear aid& m linear regressions is as accu-
rate as the bootstrap withK nonlinear regressions. To see this surprising result,
from Section 2 we know that the bootstrap is accurate to some bydepartic-
ular the nonlinear answer approximates the true interval (to—*/2). Davidson
and MacKinnon (1997) prove that the difference between the nonlinear estimate
and the estimate obtained after rounds of the GNR i) (n~(m*1/2), Since
O(n=*2) + O(n=(m+1/2) = O(n—min(k:m+1)/2) by choosingn = k — 1, the
GNR bootstrap will approximate the true interval to the same order of accuracy
as the full nonlinear bootstrap. While the GNR for the single bootstrap is covered
in Davidson and MacKinnon (1997), the use of the GNR in the double bootstrap
merits brief exposition. We assume the reader is familiar with the principles of the
GNR, which is explained in great detail in Davidson and MacKinnon (1993, ch. 6).

We need the partials of the production function, which are:

0Q/0a = KLY = fi(a, B,7) (25)
0Q/9B = aIn(K)K°L" = fa(a, B,7) (26)
0Q/0y = aK”In(L)L" = f3(ct, B,7) (27)

each of which becomes a vector of length 30 when the observed vali€soé
L are plugged in. N
We are concerned with GNR estimat&sis, and4y of the parameters, 3,
and~ in a regression witlQ* (for the first stage) o6)** (for the second stage)
as the dependent variable. We also need fitted values of the dependent variable
computed using;, 3, andy, denoted). Letr = Q — Q. The GNR is a regression
of r on f1, f2, and f3. For a first stage regression, the dependent variallg is
The following algorithm produces bootstrap estimates of the coefficients and the
standard errors of the coefficients, so that a pivot can be formed.

e Initialize the procedure by using values from the nonlinear regression, setting
a=a,p=p,7=%andQ = Q.



88 B.D. MCCULLOUGH AND H.D. VINOD

Table I. Bootstrap intervals for returns-to-scale para-
meter using nonlinear and GNR methods.

Interval Nonlinear GNR

Percentile  [1.1122, 1.8044] [1.1122, 1.8044]
Percentilet  [1.0609, 1.7644]  [1.0615, 1.7650]
Double [1.0772,1.7191] [1.0778, 1.7194]

doi=1tom

compute the three serigs(, 5,7), f2(d, 3,%), andf1(&, B, 7).
computer = Q5 — Q

regress: on f1, f> and f3 yielding estimates;, 3;, ;.

update the coefficient estimatés:= & + o, 6 = 8+ 8,7 = 5 + V.
update the fitted value§) = aK” L7

end do

After the loop seﬁj = B+#4. The standard errors for the coefficients are those from
the final regression af on fi, f2, and f3, and soU(éj) andR* can be computed.

For the second-stage merely substitQte in place of@Q*. Table I, in which we
chosemn = 4 shows the bootstrap intervals calculated using nonlinear regression
and the GNR. The agreement is quite good.

4. The Double Bootstrap with No Pivot

As Hall (1992, p. 128) notes, pivoting can be difficult to sustain when the scale
parameter cannot be stably estimated, i.e., in the case of an estimate which is formed
via aratio, examples of which are elasticities from a translog function or flexibilities.
While the single bootstrap can be applied without a pivotal transformation, not so
the usual double bootstrap. Since iterating the bootstrap principle yields better
confidence intervals, we would like to be able to double bootstrap when no pivot
is available. How do we do this? The question was answered by Shi (1992).

Let F' be the cdf ofX with paramete#é and letz,, denote the sample. A 1606
upper confidence limil” can be constructed from bootstrap resamples by choosing
oy andT = T(z,,a1) = G~Y(a1) such that

P{O < T(zn,1)|F} = « (28)
where
G z) = P(0" < 2|F) (29)

Forj = 1,2,...J first-stage resamples consider the ordered bootstrap estimates
of 0 : 02‘1), 02“2), ... GZ‘J). The percentile bootstrap uséfﬁ] +1)q) @S @N estimate of
the upper limit.
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Suppose we seek a 10% upper limitT. Consider the system of equations

P{0 < T(zp,01)|F} = « (30)
P{0* < T(zn,a1)|E} = (31)
whereF,, is the empirical distribution af,,. Note that in (30)7'(z,, c1) is random
and depends upof anday, while in (31) it is fixed. Similarly, in (30)¢ is fixed
while in (31)6* varies. Obviously, once; is determined, the correct upper limit
T (zy, 1) can be calculated @ 711)0,))- HOWeveray is unknown and therefore
we seek an estimate, of «;.

To obtain such an estimate, analagous to (28) for the original sample, for the
bootstrap resample; define

P{O < T*(z%,61)|Fp)} = o (32)
and analagous to (29) define
G Yz) = P(6* < 2|FY) (33)

where F* is the empirical distribution of* and §** is calculated fromz**, a
second-stage bootstrap resample of the first-stage bootstrap resgmple
Thus we have another system of equations

P{O < T*(x%,a1)|Fp} = « (34)
P{6** <T*(x},01)|F;} = dn (35)
which is equivalent to choosinty so that
Pl6 < G Ha)|F) = o (36)
Upon rewriting, we have
P[P(6* < 0|Fy) < éa|Fy] = « (37)

which can be solved fa;. We note that the inner probability(z*) = P(6** <
0| Fy) is a function of the first-stage bootstrap resample. Before we formédar
the root, now instead we compute

Q; =#0 <0)/K (38)

i.e., for each first stag€); is the proportion of second stage estimates less than or
equal to the initial estimate.

Shi shows that the one-sided confidence intefya (—oo, T'(x,, &1)) has
coverage probability)(n~1), which is the same as the accelerated bias-corrected
method, and faster than the percentile bootstrap. His Monte Carlo study shows that
his method outperforms the various single bootstrap methods, including accelerated
bias-correction. In the regression context, a Monte Carlo study by Dorfman, Kling,
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and Sexton (1990) estimated confidence intervals for Waugh's (1964) flexibility
measure, which is a ratio of random variables. They applied the percentile bootstrap,
bias-corrected, and accelerated bootstraps; all yielded approximately the same
coverage, and all failed to achieve nominal coverage. The usual double bootstrap
cannot be applied to this problem because a stable pivot does not exist. Letson and
McCullough (1997) use Shi's method on the Waugh data, and their Monte Carlo
study comparing Shi's method to the percentile bootstrap shows that the former
achieves nominal coverage while the latter does not. Next we apply Shi’'s Method
to the problem of bootstrapping substitution elasticities from a translog production
function.

5. Double Bootstrapping Translog Elasticities

The single bootstrap has been applied to translog productions functions by Green,
Rocke, and Hahn (1987), Eakin, Kelly, and Buono (1990), and Krinsky and Robb
(1986, 1991), among others. Since both the translog methodology and the Berndt
and Wood (1975) study are well-known (see Berndt, 1991, ch. 9), we immediately
consider the share equations

Sk = ax + VKK In(PK/PM) + YKL In(PL/PM) +

vxEIN(Pg/Py) + €k (39)
St = ar + YKL In(PK/PM) +YLL In(PL/PM) +

vLe IN(Pr/Py) + €1 (40)
Sk = ag +7vxeIN(Px/Py) + yoe In(PrL/Pu) +

veE IN(Pg/Py) + €p (42)
Sy = an +vem IN(Pr/Pur) + e IN(Pr/ Pyr) +

vEMm IN(Pg/Par) + € (42)

The substitution elasticities are obtained by the formulae:

5, = Jmn & SmSn (43)
SmSn
~ AZ _ A
Gy = Jmm T Sm = S (44)
52,

wherem,n = K,L,E, M. We usec by convention of the translog literature;
since standard errors are not used in this section, there is no danger of confusion.
Iterated Seemingly Unrelated Regressions (ItSUR) applied to the system (39-41)
yields initial estimates of the coefficients and residuals, both of which are denoted
by a circumflex. Coefficients for (42) are obtained via the ‘adding-up’ conditions.
Fitted shares values in (43-44) are evaluated at the mid-point of the series. For
complete details see Berndt (1991, ch. 9), with whose results our initial estimates
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agree. Before the bootstrap resampling by random uniform draws, the residuals
are rescaled by/N/(N — k) where N is the number of observations akds
the number of right-hand-side variables plus one. As is typical of bootstrapping
systems of equations, in order to preserve the covariance structure of the errors,
each vector of residuals is permuted the same way, e.g., the entédgsvaiiich
constitutee}, are the same entries &f which constitute? .

The first-stage replicates of the dependent variables are

S}k( = ax + Yk K In(PK/PM) + KL In(PL/PM) +

Yk 5 IN(Pg/Py) + €5 (45)
S; = ar + Yk In(Pr /Pag) + Ao INn(Pr/Py) +

'?LE In(PE/PM) + éE (46)
Sy = &g +9xkeIN(Px/Pu) +4Le In(Pr/Py) +

nyEIn(PE/PM) +é*E (47)

ReplacingSk, Sr,, andSg in (39-41) with the replicated seriek;, S7, andS},
and applying ItSUR yields first-stage bootstrap coefficient estimalesyy
etc. and first-stage bootstrap estimates of the elastidifjgsand’;,,. Random
sampling ok}, €7, andey, to preserve covariance structure yiedlls €7*, andey .
The second-stage replicates of the dependent variables are

S = & + 45k IN(Px/Par) + 4, IN(Pr/ Par) +

Vi IN(Pe/Pr) + € (48)
St" = &L + Yk N(Pr /Py) + Yo, N(Pr/Par) +

Y1 IN(Pe/Pyr) + €1 (49)
SE = &g+ YkeN(Px/Pu) + 915 IN(PL/Py) +

YeeIN(Pe/Py) + €5 (50)

Replacing the dependent variables in (39-41) with the second-stage replicates and
applying ItSUR yields second-stage estimates of the coefficigptsy;”, etc. and
second-stage estimates of the elasticiigfs* and&7%**. As to the choice off
and K, a natural choice fog is 999. However, for a 95% confidence interval
the there is no nearbi which meets the integer-divide requirements. Another
natural choice isJ] = 1999, for which optimalK is 245.76. Therefore, we use
J = 1999 andK = 250, whose product more than suffices for the order of
magnitude requirement.

To ease the notational burden, we henceforth suppress identification of par-
ticular elasticities and use the subscripts to indicate the fijsarid secondk)
stage resamples. For each elasticity there existsvactor @), the j-th element
of which is determined as follows); = #(&;f;; <o0)/K, k=12....K
where #-) indicates the number of times the condition in parentheses holds.
After all bootstrapping operations are complete, for each elasticity we lave
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Table II. Single and double bootstrap confidence intervals (*indicates that the
double bootstrap reverses a single bootstrap conclusion).

Substitution  Single Double Q
elasticity bootstrap bootstrap air Q1w
Lower  Upper Lower  Upper Lower Upper
OKK -11.87 -3.60 -852 -5.73 0.272  0.800
OKL 0.47 1.53 0.79 1.06 0.236  0.616
OKE -6.36 -0.01 —-4.61 -0.42 0.180 0.956
OKM* -0.12 1.09 0.17 0.63 0.164 0.736
oLL -1.84 -1.44 -1.71 -1.61 0.252  0.648
OLE 0.18 1.07 0.38 094 0.132  0.916
oLm 0.45 0.72 0.55 0.65 0.272 0.884
OEE* -18.55 -5.92 -13.99 0.30 0.264  1.000
OTEM* 0.20 1.57 -0.32 1.06 0.000 0.736
oMM -0.48 -0.24 -0.39 -7.44 0.308 0.928

single bootstrap estimates for botfj and and@;. Let the ordered values be
G(1),0(2) - andQ ;Q(2), - - - Q(ny- The single bootstrap confidence inter-
V?J is [0?[(J+l)( Q)] ([(J+1) D] The double bootstrap m_terval is given by
[67((7+1)61,]) O([(J+1)ar,)] WHETE the lower and upper estimatescaf comes
from the @ vector as followsti1f, = Q([(711)(1-a))) aNdd1y = Q([(1+1)a))- WE
illustrate the precise steps involved in determining the double bootstrap interval by
examining the case farg k.

We seek a two-sided confidence interval with= 0.05. The upper and
lower single bootstrap limits forx - are 6(j,0000,0254) = (50 = —11.87 and
5 (120000.975) = (19509 = —3-60. To obtain the double bootstrap confidence limits
we need the estimateg; anddy;. We havedi, = Q(20000.025) = Q50 =
0.272 andole = Q([zoooo 975) = Q1950 = 0.800. The lower double bootstrap
Ilmlt is U([zoooo 212) = 0549y = —8.52 and the upper double bootstrap limit is

7 (120000.800) = (1600 = —o-73. Similar calculations produce confidence inter-
vals for the other substitution elasticities, the results of which are presented in
Table II.

The program, written in RATS v4.2 and run on a 90MHz Pentium, takes approx-
imately six hours, and results are presented in Table 1. If the double offered no
improvement themi1;, would be 0.025 and the,;; would be 0975 and the double
bootstrap interval would coincide with the single bootstrap interval. We see that
the corrected percentiles, given in the Q column, can be far from the nominal levels
of 0.025 and 75 used by the single bootstrap. Indeed, the differences can be
so pronounced as to reverse qualitative conclusions based on the single bootstrap
intervals. For example, the single bootstrap indicatesdhat is not significantly
different from zero, while the double bootstrap indicates that it is positive, and
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conversely folrgs. The single bootstrap indicates thaiy is negative, while the
double bootstrap indicates that it is not significantly different from zero.

We mention here a useful artifice for substantially decreasing computing time
when Shi's method is applied to linear regression. Since there is no pivoting,
each regression requires only estimation of the slope coefficients, not the standard
errors. The typical regression command computes many unneeded statistics. If the
econometrics package has a matrix facility, lettiigbe the matrix of indepen-
dent variables, defin® = (X’'X)~1X’. Then the first-stage and second-stage
coefficients can be obtained by = Py; andbj; = Py;, respectively. Using
this device, Letson and McCullough (1997) reduced the time needed for a double
bootstrap from almost fifty to less than nine minutes, and were able to complete
their Monte Carlo study in less than two months instead of almost a year.

6. Conclusions

The single bootstrap already is popular in applied economics. The double bootstrap,
due to its superior convergence properties, is likely to be of more practical value to
economists, especially since median bias, nonlinearity, nuisance parameters, etc.
are commonly encountered in economics. Further, just as the single bootstrap can
succeed in situations where classical asymptotics fail (e.g., confidence intervals
for complicated nonlinear statistics), so the double bootstrap can succeed in cases
where the single bootstrap fails (e.g., obtaining consistent confidence intervals for
a ridge regression). The double bootstrap also yields a new graphical method for
diagnostic checking. By virtue of the fact that the doubly pivoted root converges to

a uniform distribution on [0,1] if the model holds, failure of the model to hold can

be assessed by examining the distribution of the doubly pivoted root. We explain
the double bootstrap and give an algorithm for implementing it. Details on the
proper choice of the numbessof first-stage and( of second-stage iterations are
provided. We apply this algorithm to the nonlinear estimation problem of testing
returns to scale in a Cobb-Douglas production function with additive error. We also
describe a recently developed method based on the Gauss-Newton Regression for
reducing computational time when bootstrapping a nonlinear model.

The usual double bootstrap requires a root, which does not exist in all situations.
Moreover, when scale cannot be estimated with stable variance, pivoting is difficult
to sustain, as in the estimation of a correlation coefficient or some ratios of means.
The variance of a ratio of means, for example, when calculated using the delta
method, often is insufficiently stable to sustain pivoting. Therefore, we explain
Shi's method for double bootstrapping when a pivot is not available. This method is
applied to the problem of estimating confidence intervals for substitution elasticities
from a translog production function. It is shown that the double bootstrap can
reverse conclusions reached by a single bootstrap. We also describe a method for
reducing computation time for this double bootstrap.
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